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D I S C L A I M E R S

testing the no-hair theorem doesn’t mean we don’t trust the 
theorem 

on the contrary the theorem helps to confirm if merger 
remnants are truly black holes  

we will assume that astrophysical black holes carry no electronic 
charge 

LIGO’s discoveries are possibly from Kerr black holes 

in principle we can constrain the magnitude of charge
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O V E R V I E W

null tests of general relativity 

tests of propagation of propagation 

test of black hole hypothesis of LIGO’s detections
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W H Y  A R E  B I N A R Y  B L A C K  H O L E S  
G O O D  T E S T B E D S  F O R  G E N E R A L  

R E L AT I V I T Y ?  
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T E S T S  O F  G R  A N D  A LT E R N AT I V E S
• null tests of GR 

• assume that GR is correct and look for small 
deviations from GR  

• e.g. search for tails of gravitational waves 

• tests of alternative theories of gravity 

• modified phase evolution of GR waveform by 
introducing new terms  

• could potentially arise from an alternative theory 

• e.g. massive graviton, dipole radiation, scalar 
modes, …
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N U L L  T E S T S  W I T H  L I G O ’ S  D E T E C T I O N S

6

• GW150914/GW122615’s rapidly varying orbital periods allow us to 
bound higher-order PN coefficients in gravitational phase. 

Tests of GR with first LIGO’s black holes: inspiral

(Abbott et al. arXiv:1606.04856)
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• First GR test in the genuinely!
dynamical, strong-field regime. 

(Arun et al. 06 , Mishra et al. 10, !
Yunes & Pretorius 09, Li et al. 12)

•  PN parameters describe: tails of!
radiation due to backscattering, !
spin-orbit and spin-spin couplings.

(For bounds on dipole radiation !
see Yunes et al. 16)

Blanchet and BS 1995 
Arun+ 2006, Mishra+ 2010, 
Yunes and Pretorius 2009, Li+ 2012 

Abbott+ PRX, 6, 041015 (2016)

deform PN coefficients from their GR  
value and look for them in the data
'Newt ! 'Newt + �'Newt

wave tails

spin-orbit coupling
spin-spin coupling

precession

mass asymmetry

hereditary terms

absorption of radiation by 
black hole

charges, one should directly apply full inspiral-merger-
ringdown waveform models from specific modified gravity
theories [147], but in most cases, these are not yet available.
However, in the present work, the focus is on model-
independent tests of general relativity itself.
Given the observation of more than one BBH merger,

posterior distributions for the δp̂i can be combined to yield
stronger constraints. In Fig. 7, we show the posteriors from
GW150914, generated with final instrumental calibration,
and GW151226 by themselves, as well as joint posteriors
from the two events together. We do not present similar
results for the candidate LVT151012 since it is not as
confident a detection as the others; furthermore, its smaller
detection SNR means that its contribution to the overall
posteriors is insignificant.
For GW150914, the testing parameters for the PN

coefficients, δφ̂i and δφ̂il, showed moderately significant
(2σ–2.5σ) deviations from their general relativity values of
zero [41]. By contrast, the posteriors of GW151226 tend to
be centered on the general relativity value. As a result, the
offsets of the combined posteriors are smaller. Moreover,
the joint posteriors are considerably tighter, with a 1σ
spread as small as 0.07 for deviations in the 1.5PN
parameter φ3, which encapsulates the leading-order effects
of the dynamical self-interaction of spacetime geometry
(the “tail” effect) [148–151], as well as spin-orbit inter-
action [67,152,153].
In Fig. 8, we show the 90% credible upper bounds on the

magnitude of the fractional deviations in PN coefficients,
jδφ̂ij, which are affected by both the offsets and widths of
the posterior density functions for the δφ̂i. We show bounds

for GW150914 and GW151226 individually, as well as the
joint upper bounds resulting from the combined posterior
density functions of the two events. Not surprisingly, the
quality of the joint bounds is mainly due to GW151226
because of the larger number of inspiral cycles in the
detectors’ sensitive frequency band. Note how at high PN
order, the combined bounds are slightly looser than the
ones from GW151226 alone; this is because of the large
offsets in the posteriors from GW150914.
Next, we consider the intermediate-regime coefficients

δβ̂i, which pertain to the transition between inspiral and
merger-ringdown. For GW151226, this stage is well inside
the sensitive part of the detectors’ frequency band.
Returning to Fig. 7, we see that the measurements for
GW151226 are of comparable quality to GW150914, and
the combined posteriors improve on the ones from either
detection by itself. Last, we look at the merger-ringdown
parameters δα̂i. For GW150914, this regime corresponded
to frequencies of f ∈ ½130; 300" Hz, while for GW151226,
it occurred at f ≳ 400 Hz. As expected, the posteriors from
GW151226 are not very informative for these parameters,
and the combined posteriors are essentially determined by
those of GW150914.
In summary, GW151226 makes its most important

contribution to the combined posteriors in the PN inspiral
regime, where both offsets and statistical uncertainties have
significantly decreased over the ones from GW150914, in
some cases almost to the 10% level.
An inspiral-merger-ringdown consistency test as per-

formed on GW150914 in Ref. [41] is not meaningful for
GW151226 since very little of the signal is observed in the
post-merger phase. Likewise, the SNR of GW151226 is too
low to allow for an analysis of residuals after subtraction of
the most probable waveform. In Ref. [41], GW150914 was
used to place a lower bound on the graviton Compton
wavelength of 1013 km GW151226 gives a somewhat
weaker bound because of its lower SNR, so combining
information from the two signals does not significantly
improve on this; an updated bound must await further
observations. Finally, BBH observations can be used to test
the consistency of the signal with the two polarizations of
gravitational waves predicted by general relativity [154].
However, as with GW150914, we are unable to test the
polarization content of GW151226 with the two, nearly
aligned aLIGO detectors. Future observations, with an
expanded network, will allow us to look for evidence of
additional polarization content arising from deviations from
general relativity.

VI. BINARY BLACK HOLE MERGER RATES

The observations reported here enable us to constrain the
rate of BBH coalescences in the local Universe more
precisely than was achieved in Ref. [42] because of the
longer duration of data containing a larger number of
detected signals.

FIG. 8. The 90% credible upper bounds on deviations in the PN
coefficients, from GW150914 and GW151226. Also shown are
joint upper bounds from the two detections; the main contributor
is GW151226, which had many more inspiral cycles in band than
GW150914. At 1PN order and higher, the joint bounds are
slightly looser than the ones from GW151226 alone; this is due to
the large offsets in the posteriors for GW150914.
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T E S T S  U S I N G  I M R  W AV E F O R M  M O D E L

relativity violations that would occur predominantly at a
particular PN order (or in the case of the intermediate and
merger-ringdown parameters, a specific power of frequency
in the relevant regime), although together they can capture
deviations that are measurably present at more than
one order.
In Ref. [41], for completeness, we have also shown

results from analyses where the parameters in each of the
regimes (i)–(iii) are allowed to vary simultaneously, but
these tests return wide and uninformative posteriors. By
contrast, analyses where the testing parameters δp̂i are
varied one at a time have much smaller statistical

uncertainties. Moreover, as demonstrated in Ref. [144],
checking for a deviation from zero in a single testing
parameter is an efficient way to uncover GR violations that
occur at multiple PN orders, and one can even find
violations at powers of frequency that are distinct from
the one that the testing parameter is associated with
[145,146]. Hence, such analyses are well suited to search
for generic departures from GR, though it should be
stressed that if a violation is present, the measured values
of the δp̂i will not necessarily reflect the predicted values of
the correct alternative theory. To reliably constrain theory-
specific quantities such as coupling constants or extra

FIG. 7. Posterior density distributions and 90% credible intervals for relative deviations δp̂i in the PN parameters pi (where ðlÞ denotes
the logarithmic correction), as well as intermediate parameters βi and merger-ringdown parameters αi. The top panel is for GW150914
by itself and the middle one for GW151226 by itself, while the bottom panel shows combined posteriors from GW150914 and
GW151226. While the posteriors for deviations in PN coefficients from GW150914 show large offsets, the ones from GW151226 are
well centered on zero, as well as being tighter, causing the combined posteriors to similarly improve over those of GW150914 alone. For
deviations in the βi, the combined posteriors improve over those of either event individually. For the αi, the joint posteriors are mostly set
by the posteriors from GW150914, whose merger-ringdown occurred at frequencies where the detectors are the most sensitive.
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C Inspiral–merger–ringdown consistency test V TESTS OF GENERAL RELATIVITY

FIG. 9. Violin plots for the parametrized test, combining posteriors for GW170104 with the two confident detections made in
the first observing run, GW150914 and GW151226 [13].

low-frequency, inspiral-dominated portion of the wave-
form is consistent with the high-frequency, merger–
ringdown portion. The two frequency ranges are analysed
separately, and the inferred parameters are compared.
The test uses the estimated final black hole mass and spin
(calculated from the component masses and spins using
numerical-relativity fits as detailed in Sec. III) [58, 88].
If the waveform is compatible with the predictions of
GR, we expect that the parameters inferred from the
two pieces will be consistent with each other, although
the di↵erence will not, in general, be zero because of
detector noise. In Fig. 10, we show the posteriors on
the fractional di↵erence in the two estimates of the final
mass and spin for GW170104 and GW150914, as well
as the combined posterior. The di↵erence in the esti-

mates are divided by the mean of the two estimates to
produce the fractional parameters that describe poten-
tial departures from the GR predictions: �a

f

/ā
f

for the
spin and �M

f

/M̄
f

for the mass [89]. These definitions
are slightly di↵erent from the ones used in our earlier
papers [58, 88], but serve the same qualitative role [89].
Each of the distributions is consistent with the GR value.
The posterior for GW170104 is broader, consistent with
this event being quieter, and having a lower total mass,
which makes it harder to measure the post-inspiral pa-
rameters. The width of the 90% credible intervals for the
combined posteriors of �M

f

/M̄
f

are smaller than those
computed from GW170104 (GW150914) by a factor of
⇠ 1.6 (1.3), and the intervals for �a

f

/ā
f

are improved by
a factor of ⇠ 1.4 (1.2).
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C Inspiral–merger–ringdown consistency test V TESTS OF GENERAL RELATIVITY

FIG. 9. Violin plots for the parametrized test, combining posteriors for GW170104 with the two confident detections made in
the first observing run, GW150914 and GW151226 [13].
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detector noise. In Fig. 10, we show the posteriors on
the fractional di↵erence in the two estimates of the final
mass and spin for GW170104 and GW150914, as well
as the combined posterior. The di↵erence in the esti-

mates are divided by the mean of the two estimates to
produce the fractional parameters that describe poten-
tial departures from the GR predictions: �a

f

/ā
f

for the
spin and �M

f

/M̄
f

for the mass [89]. These definitions
are slightly di↵erent from the ones used in our earlier
papers [58, 88], but serve the same qualitative role [89].
Each of the distributions is consistent with the GR value.
The posterior for GW170104 is broader, consistent with
this event being quieter, and having a lower total mass,
which makes it harder to measure the post-inspiral pa-
rameters. The width of the 90% credible intervals for the
combined posteriors of �M

f

/M̄
f

are smaller than those
computed from GW170104 (GW150914) by a factor of
⇠ 1.6 (1.3), and the intervals for �a

f

/ā
f

are improved by
a factor of ⇠ 1.4 (1.2).
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many theories of gravity predict gravitational waves 
could be dispersed 

this is the first time we have tested for generic 
dispersion relation for gravitational waves 

first constraints in the gravity sector for superluminal 
gravitational waves 

find no evidence for dispersion of gravitational waves 

GW170104  bound on graviton mass:  < 7.7 x 10-23/c2
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evolution provided that the positive orbit-aligned spin is
small (whether due to low spins or misalignment) [129,150–
152]. Current gravitational-wave measurements cluster
around χeff ∼ 0 (jχeff j < 0.35 at the 90% credible level for
all events; see Fig. 5 of the Supplemental Material [11]) [5].
Assuming that binary black hole spins are not typically small
(≲0.2), our observations hint towards the astrophysical
population favoring a distribution of misaligned spins rather
than near orbit-aligned spins [153]; further detections will
test if this is the case, and enable us to distinguish different
spin magnitude and orientation distributions [154–159].

VIII. TESTS OF GENERAL RELATIVITY

To check the consistency of the observed signals with the
predictions of GR for binary black holes in quasicircular
orbit, we employ a phenomenological approach that probes
how gravitational-wave generation or propagation could be
modified in an alternative theory of gravity. Testing for these
characteristicmodifications in thewaveform can quantify the
degree to which departures from GR can be tolerated given
the data. First, we consider the possibility of a modified
gravitational-wave dispersion relation, and place bounds on
the magnitude of potential deviations from GR. Second, we
perform null tests to quantify generic deviations from GR:
without assuming a specific alternative theory of gravity, we
verify if the detected signal is compatible with GR. For these
tests we use the three confident detections (GW150914,
GW151226, and GW170104); we do not use the marginal
event LVT151012, as its low SNR means that it contributes
insignificantly to all the tests [5].

A. Modified dispersion

InGR, gravitationalwaves are nondispersive.We consider
a modified dispersion relation of the form E2 ¼
p2c2 þ Apαcα, α ≥ 0, that leads to dephasing of the waves
relative to the phase evolution in GR. Here E and p are the
energy andmomentumof gravitational radiation, andA is the
amplitude of the dispersion [160,161]. Modifications to the
dispersion relation can arise in theories that include viola-
tions of local Lorentz invariance [162]. Lorentz invariance is
a cornerstone of modern physics but its violation is expected
in certain quantum gravity frameworks [162,163]. Several
modified theories of gravity predict specific values of α,
including massive-graviton theories (α ¼ 0, A > 0) [163],
multifractal spacetime [164] (α ¼ 2.5), doubly special rel-
ativity [165] (α ¼ 3), and Hořava-Lifshitz [166] and extra-
dimensional [167] theories (α ¼ 4). For our analysis, we
assume that the only effect of these alternative theories is to
modify the dispersion relation.
To leading order in AEα−2, the group velocity of gravi-

tational waves is modified as vg=c ¼ 1þ ðα − 1ÞAEα−2=2
[161]; both superluminal and subluminal propagation veloc-
ities are possible, depending on the sign ofA and the value of
α. A change in the dispersion relation leads to an extra term

δΨðA; αÞ in the evolution of the gravitational-wave phase
[160]. We introduce such a term in the effective-precession
waveform model [38] to constrain dispersion for various
values of α. To this end, we assume flat priors on A. In Fig. 5
we show 90% credible upper bounds on jAj derived from the
three confident detections. We do not show results for α ¼ 2
since in this case the modification of the gravitational-wave
phase is degenerate with the arrival time of the signal.
There exist constraints on Lorentz invariance violating

dispersion relations from other observational sectors (e.g.,
photon or neutrino observations) for certain values of α, and
our results are weaker by several orders of magnitude.
However, there are frameworks in which Lorentz invari-
ance is only broken in one sector [168,169], implying that
each sector provides complementary information on poten-
tial modifications to GR. Our results are the first bounds
derived from gravitational-wave observations, and the first
tests of superluminal propagation in the gravitational sector.
The result for A > 0 and α ¼ 0 can be reparametrized to

derive a lower bound on the graviton Compton wavelength
λg, assuming that gravitons disperse in vacuum in the same
way as massive particles [5,7,170]. In this case, no violation
of Lorentz invariance is assumed. Using a flat prior for the
gravitonmass, we obtain λg>1.5×1013km, which improves
on the bound of 1.0 × 1013 km from previous gravitational-
wave observations [5,7]. The combined bound using the
three confident detections is λg > 1.6 × 1013 km, or for the
graviton mass mg ≤ 7.7 × 10−23 eV=c2.

B. Null tests

In the post-Newtonian approximation, the gravitational-
wave phase in the Fourier domain is a series expansion in

FIG. 5. 90% credible upper bounds on jAj, the magnitude
of dispersion, obtained combining the posteriors of GW170104
with those of GW150914 and GW151226. We use picoelectron-
volts as a convenient unit because the corresponding frequency
scale is around where GW170104 has greatest amplitude
(1 peV≃ h × 250 Hz, where h is the Planck constant). General
relativity corresponds to A ¼ 0. Markers filled at the top (bottom)
correspond to values of jAj and α for which gravitational waves
travel with superluminal (subluminal) speed.
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FIG. 2. Angular response of a quadrupolar detector to each GW polarization. The radial distance represents the response of
a single quadrupolar antenna to a unit-amplitude gravitational signal of a tensor (top), vector (middle), or scalar (bottom)
polarization, i.e. |Fp| for each polarization p as given by Eqs. (7–11). The polar and azimuthal coordinates correspond to the
source location with respect to the detector, which is to be imagined as placed with its vertex at the center of each plot and
arms along the x and y-axes. The response is plotted to scale, such that the black lines representing the detector arms have unit
length in all plots. The response to breathing and longitudinal modes is identical, so we only display it once and label it “scalar”.

10

4

(a) Plus (+) (b) Cross (⇥)

(c) Vector-x (x) (d) Vector-y (y)

(e) Scalar (s)

FIG. 2. Angular response of a quadrupolar detector to each GW polarization. The radial distance represents the response of
a single quadrupolar antenna to a unit-amplitude gravitational signal of a tensor (top), vector (middle), or scalar (bottom)
polarization, i.e. |Fp| for each polarization p as given by Eqs. (7–11). The polar and azimuthal coordinates correspond to the
source location with respect to the detector, which is to be imagined as placed with its vertex at the center of each plot and
arms along the x and y-axes. The response is plotted to scale, such that the black lines representing the detector arms have unit
length in all plots. The response to breathing and longitudinal modes is identical, so we only display it once and label it “scalar”.

4

(a) Plus (+) (b) Cross (⇥)

(c) Vector-x (x) (d) Vector-y (y)

(e) Scalar (s)

FIG. 2. Angular response of a quadrupolar detector to each GW polarization. The radial distance represents the response of
a single quadrupolar antenna to a unit-amplitude gravitational signal of a tensor (top), vector (middle), or scalar (bottom)
polarization, i.e. |Fp| for each polarization p as given by Eqs. (7–11). The polar and azimuthal coordinates correspond to the
source location with respect to the detector, which is to be imagined as placed with its vertex at the center of each plot and
arms along the x and y-axes. The response is plotted to scale, such that the black lines representing the detector arms have unit
length in all plots. The response to breathing and longitudinal modes is identical, so we only display it once and label it “scalar”.

A N T E N N A  PAT T E R N  F U N C T I O N S  D U E  T O  
T E N S O R ,  V E C T O R  A N D  S C A L A R  P O L A R I Z AT I O N S

Tensor + mode Tensor x mode

Vector x mode Vector y mode

scalar mode 
longitudinal and transverse

LVC/EPO, Max Isi



11

2

x

y

z

x

x

y

x

y

z

y

z

y

FIG. 1. E↵ect of di↵erent GW polarizations on a ring of
free-falling test particles. Plus (+) and cross (⇥) tensor modes
(green); vector-x (x) and vector-y (y) modes (red); breathing
(b) and longitudinal (l) scalar modes (black). In all of these
diagrams the wave propagates in the z–direction. This de-
composition into polarizations was first proposed for generic
metric theories in [7].

3. Inference: if the data favor the presence of a GR sig-
nal, place constraints on specific alternative theories
using the tools of Bayesian parameter estimation.

Furthermore, while [19] treated only the case of a single
detector, we are now able to consider the generic case of
a network of detectors.

We present Bayesian methods to achieve the three goals
above in the context of searches targeted to known pulsars
and present sensitivity estimates for the advanced detector
era, including the first generic estimates of sensitivity to
non-tensorial CW polarizations ever published. In Section
II, we review the basics of beyond-Einstein polarizations
and the targeted pulsar CW search. In Section III, we
phrase our problem in the language of model selection
and explain the construction of hypotheses that will allow
us to distinguish GR from non-GR signals. In section IV
we specify the details of our analysis, and we explain our
results in Section V. Finally, we summarize our findings
and explain caveats in section VI.

II. BACKGROUND

A. Polarizations

GWs can be decomposed into di↵erent polarizations,
which arise from the linearly independent components
of the three-dimensional, rank-two tensor representing
the spatial metric perturbation [7]. A generic metric
theory of gravity may thus allow any combination of up
to six independent modes: plus (+), cross (⇥), vector
x (x), vector y (y), breathing (b) and longitudinal (l).
The e↵ect of each of these modes is represented in Fig.
1. The rotational properties of the fields underlying any

given theory determines which polarizations the theory
supports: + and ⇥ correspond to tensor fields (helicity
±2), x and y to vector fields (helicity ±1), and b and l to
scalar fields (helicity 0).

The components of the tensor and vector pairs are not
separable, in the sense that a signal model that includes
one element of the group must also include the other (e.g.
it is not possible to have a model that allows plus + but
not ⇥), because the distinction between + and ⇥, or x
and y, is contingent on the frame of reference (e.g. relative
orientation of source and detector).

Einstein’s theory only allows the existence of the + and
⇥ polarizations. On the other hand, scalar-tensor and
massive-graviton theories may also predict the presence
of some b and/or l component associated to the theory’s
extra scalar field [5]. On top of tensor and scalar modes,
bimetric theories, like Rosen or Lightman-Lee theories,
also predict vector modes [20]. Furthermore, less conven-
tional theories might, in principle, predict the existence
of vector or scalar modes only, while still possibly being
in agreement with all other non-GW tests of GR (see
[21] for an example). Although all these di↵erent the-
oretical frameworks serve as motivation for our study,
our approach to the measurement of GW polarizations
is phenomenological and, thus, theory-agnostic (Sec. III).
It is important to underscore that the detection of a GW
signal with a non-GR polarization, no matter how small,
is su�cient to falsify GR (note the converse is not true,
however).

Because di↵erent polarizations have geometrically dis-
tinct e↵ects, GW detectors will react di↵erently to each
mode. This is manifested in the detector response func-
tion F

p

for each polarization p, which encodes the e↵ect
of a linearly p-polarized GW with unit amplitude, h

p

= 1.
Ground-based GW detectors, like LIGO and Virgo are
quadrupolar antennas that perform low-noise measure-
ments of the strain associated with the di↵erential motion
of two orthogonal arms. Their detector response function
can thus be written as [19, 22–24]:
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Here, the spatial vectors d
x

, d
y

have unit norm and point
along the detector arms such that d

z

= d
x

⇥ d
y

is the
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computed the Bayes factor for purely tensor modes vs 
purely scalar modes AND purely tensor modes vs purely 
vector modes 

compared to purely vector mode purely tensor mode is 
favored by a Bayes factor of 1:200 

compared to purely vector mode purely tensor mode is 
favored by a Bayes factor of 1:1,000 

3 detectors have very poor sensitivity to a mixture model 
of tensor-vector-scalar modes 
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The time delay between gravitational wave signals arriving at widely separated detectors can be used to
place upper and lower bounds on the speed of gravitational wave propagation. Using aBayesian approach that
combines the first three gravitational wave detections reported by the LIGO Scientific and Virgo
Collaborations we constrain the gravitational waves propagation speed cgw to the 90% credible interval
0.55c < cgw < 1.42c, where c is the speed of light in vacuum. These bounds will improve as more detections
aremade and asmore detectors join theworldwide network. Of order 20 detections by the twoLIGOdetectors
will constrain the speed of gravity to within 20% of the speed of light, while just five detections by the LIGO-
Virgo-Kagra network will constrain the speed of gravity to within 1% of the speed of light.
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The first detections of gravitational waves from merging
black hole binaries [1–3] have been used to test many
fundamental properties of gravity [3–6], and have been used
to place the first observational upper limit on the speed of
gravitational wave propagation [7]. In this Letter we set a
more stringent upper limit on the gravitational waves
propagation speed cgw by combining all the detections
announced to date, and by applying a full Bayesian analysis.
We also provide the first direct lower bound on the propa-
gation speed: cgw > 0.55c at 95% confidence. While there
are strong theoretical arguments that demand cgw ≥ c to
prevent gravitational Cherenkov radiation [8], the LIGO
detections provide the first direct observational constraints.
Gravitational waves generically propagate at a speed

different from c and with frequency dependence dispersion
relations in theories of modified gravity, see, e.g.,
Refs. [6,7,9–12]. Thus, a precise determination of cgw is
a test of gravitation complementary to other observations.
To quantify what “precise” tests mean for general relativity,
let us recall that some post-Newtonian parameters are
known to Oð10−4Þ [13], while cosmological or other
astrophysical observations typically constrain modifica-
tions to general relativity at the Oð10−2Þ level [14,15].
A convenient parametrization for theories preserving

rotation invariance is to write the dispersion relation as

ω2 ¼ m2
g þ c2gwk2 þ a

k4

Λ2
þ % % % ; ð1Þ

where mg refers to the mass of the graviton, cgw is what we
call “speed” of gravitational waves, and the rest of operators
are wave-number-dependent modifications suppressed by a
high-energy scale Λ (for a parametrization in scenarios
breaking rotation invariance, see, e.g., Ref. [10]). Both mg
andΛ can be constrained by the absence of dispersion of the
waves traveling cosmological distances. The scale Λ is
already constrained to be very large [9], making it very
difficult to constrain the operator a. For the gravitonmass the
LIGO Scientific and Virgo Collaborations put the strong
boundmg < 7.7 × 10−23 eV=c2 [3].However, theparameter
cgw cannot be tested by dispersion measurements; other
methods are required [7].
Measuring cgw.—In the following we focus on possible

ways to directly measure cgw. Since the signals measured
by LIGO are dominated by the signal-to-noise accumulated
in a narrow band between 50–200 Hz, our time delay
bounds can be interpreted as constraints on the speed of
gravity at a frequency f ∼ 100 Hz. Since the LIGO bounds
constrain dispersion effects to be small over hundreds of
Mpc, they can safely be ignored on the terrestrial distance
scales we are considering. Note that the inference that the
observed signals come from hundreds of Mpc away relies
on waveform models derived from general relativity, and
may not apply to a theory that predicts cgw ≠ c.
The most obvious way to measure the speed of gravi-

tational wave propagation is to observe the same astro-
physical source using both gravity and light. However, for
the three gravitational wave detections that have been
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Abstract

On 2017 August 17, the gravitational-wave event GW170817 was observed by the Advanced LIGO and Virgo
detectors, and the gamma-ray burst (GRB) GRB170817A was observed independently by the Fermi Gamma-ray
Burst Monitor, and the Anti-Coincidence Shield for the Spectrometer for the International Gamma-Ray Astrophysics
Laboratory. The probability of the near-simultaneous temporal and spatial observation of GRB170817A and
GW170817 occurring by chance is 5.0 10 8´ - . We therefore confirm binary neutron star mergers as a progenitor of
short GRBs. The association of GW170817 and GRB170817A provides new insight into fundamental physics and
the origin of short GRBs. We use the observed time delay of 1.74 0.05 s+ o( ) between GRB170817A and
GW170817 to: (i) constrain the difference between the speed of gravity and the speed of light to be between

3 10 15- ´ - and 7 10 16+ ´ - times the speed of light, (ii) place new bounds on the violation of Lorentz invariance,
(iii) present a new test of the equivalence principle by constraining the Shapiro delay between gravitational and
electromagnetic radiation. We also use the time delay to constrain the size and bulk Lorentz factor of the region
emitting the gamma-rays. GRB170817A is the closest short GRB with a known distance, but is between 2 and 6
orders of magnitude less energetic than other bursts with measured redshift. A new generation of gamma-ray detectors,
and subthreshold searches in existing detectors, will be essential to detect similar short bursts at greater distances.
Finally, we predict a joint detection rate for the Fermi Gamma-ray Burst Monitor and the Advanced LIGO and Virgo
detectors of 0.1–1.4 per year during the 2018–2019 observing run and 0.3–1.7 per year at design sensitivity.

Key words: binaries: close – gamma-ray burst: general – gravitational waves

1. Introduction and Background

GW170817 and GRB170817A mark the discovery of a
binary neutron star (BNS) merger detected both as a gravitational
wave (GW; LIGO Scientific Collaboration & Virgo Collabora-
tion 2017a) and a short-duration gamma-ray burst (SGRB;
Goldstein et al. 2017; Savchenko et al. 2017b). Detecting GW
radiation from the coalescence of BNS and neutron star (NS)–
black hole (BH) binary systems has been a major goal (Abbott
et al. 2017a) of the LIGO (Aasi et al. 2015) and Virgo (Acernese
et al. 2015) experiments. This was at least partly motivated by
their promise of being the most likely sources of simultaneously
detectable GW and electromagnetic (EM) radiation from the
same source. This is important as joint detections enable a wealth
of science unavailable from either messenger alone(Abbott et al.
2017f). BNS mergers are predicted to yield signatures across the
EM spectrum(Metzger & Berger 2012; Piran et al. 2013),
including SGRBs (Blinnikov et al. 1984; Paczynski 1986; Eichler
et al. 1989; Paczynski 1991; Narayan et al. 1992), which produce
prompt emission in gamma-rays and longer-lived afterglows.

A major astrophysical implication of a joint detection of an
SGRB and of GWs from a BNS merger is the confirmation that
these binaries are indeed the progenitors of at least some SGRBs.
GRBs are classified as short or long depending on the duration of
their prompt gamma-ray emission. This cut is based on spectral
differences in gamma-rays and the bimodality of the observed

distribution of these durations (Dezalay et al. 1992; Kouveliotou
et al. 1993). This empirical division was accompanied by
hypotheses that the two classes have different progenitors. Long
GRBs have been firmly connected to the collapse of massive stars
through the detection of associated Type Ibc core-collapse
supernovae (see Galama et al. 1998, as well as Hjorth & Bloom
2012 and references therein). Prior to the results reported here,
support for the connection between SGRBs and mergers of BNSs
(or NS–BH binaries) came only from indirect observational
evidence(Nakar 2007; Berger et al. 2013; Tanvir et al. 2013;
Berger 2014), population synthesis studies (Bloom et al. 1999;
Fryer et al. 1999; Belczynski et al. 2006), and numerical
simulations (e.g., Aloy et al. 2005; Rezzolla et al. 2011; Kiuchi
et al. 2015; Baiotti & Rezzolla 2017; Kawamura et al. 2016; Ruiz
et al. 2016). The unambiguous joint detection of GW and EM
radiation from the same event confirms that BNS mergers are
progenitors of (at least some) SGRBs.
In Section 2 we describe the independent observations of

GW170817 by the LIGO–Virgo and of GRB170817A by the
Fermi Gamma-ray Burst Monitor (GBM) and by the SPectro-
meter on board INTEGRAL Anti-Coincidence Shield (SPI-
ACS). In Section 3 we establish the firm association between
GW170817 and GRB170817A. In Section 4 we explore the
constraints on fundamental physics that can be obtained from
the time separation between the GW and EM signals. In
Section 5 we explore the implications of the joint detection of
GW170817 and GRB170817A on the SGRB engine and the
NS equation of state (EOS). In Section 6 we explore the
implications of the comparative dimness of GRB170817A
relative to the known SGRB population and revise the
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The 90% credible intervals(Veitch et al. 2015; Abbott et al.
2017e) for the component masses (in the m m1 2. convention)
are m M1.36, 2.261 Î :( ) and m M0.86, 1.362 Î :( ) , with total
mass M2.82 0.09

0.47
-
+

:, when considering dimensionless spins with

magnitudes up to 0.89 (high-spin prior, hereafter). When the
dimensionless spin prior is restricted to 0.05- (low-spin prior,
hereafter), the measured component masses are m 1.36,1 Î (

M1.60 :) and m M1.17, 1.362 Î :( ) , and the total mass is

Figure 2. Joint, multi-messenger detection of GW170817 and GRB170817A. Top: the summed GBM lightcurve for sodium iodide (NaI) detectors 1, 2, and 5 for
GRB170817A between 10 and 50 keV, matching the 100 ms time bins of the SPI-ACS data. The background estimate from Goldstein et al. (2016) is overlaid in red.
Second: the same as the top panel but in the 50–300 keV energy range. Third: the SPI-ACS lightcurve with the energy range starting approximately at 100 keV and
with a high energy limit of least 80 MeV. Bottom: the time-frequency map of GW170817 was obtained by coherently combining LIGO-Hanford and LIGO-
Livingston data. All times here are referenced to the GW170817 trigger time T0

GW.
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❖ Deformed black holes emit 
quasi-normal modes 

❖ complex frequencies depend 
only on the mass and spin 
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holes 

❖ If modes depend on other 
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between different mode 
frequencies would fail
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of the detectors, the waveforms of GW150914,
GW151226, and LVT151012 are also shown. The expected
signal-to-noise ratio (SNR) ρ of a signal, hðtÞ, can be
expressed as

ρ2 ¼
Z

∞

0

ð2j ~hðfÞj
ffiffiffi
f

p
Þ2

SnðfÞ
d lnðfÞ; ð1Þ

where ~hðfÞ is the Fourier transform of the signal. Writing it
in this form motivates the normalization of the waveform
plotted in Fig. 1, as the area between the signal and noise
curves is indicative of the SNR of the events.
The gravitational-wave signal from a BBH merger takes

the form of a chirp, increasing in frequency and amplitude
as the black holes spiral inwards. The amplitude of the
signal is maximum at the merger, after which it decays
rapidly as the final black hole rings down to equilibrium. In
the frequency domain, the amplitude decreases with fre-
quency during inspiral, as the signal spends a greater
number of cycles at lower frequencies. This is followed
by a slower falloff during merger and then a steep decrease
during the ringdown. The amplitude of GW150914 is
significantly larger than the other two events, and at the
time of the merger, the gravitational-wave signal lies well
above the noise. GW151226 has a lower amplitude but
sweeps across the whole detector’s sensitive band up to
nearly 800 Hz. The corresponding time series of the three
waveforms are plotted in the right panel of Fig. 1 to better
visualize the difference in duration within the Advanced
LIGO band: GW150914 lasts only a few cycles, while
LVT151012 and GW151226 have lower amplitudes but last
longer.
The analysis presented in this paper includes the total set

of O1 data from September 12, 2015 to January 19, 2016,

which contain a total coincident analysis time of 51.5 days
accumulated when both detectors were operating in their
normal state. As discussed in Ref. [13] with regard to the
first 16 days of O1 data, the output data of both detectors
typically contain nonstationary and non-Gaussian features,
in the form of transient noise artifacts of varying durations.
Longer duration artifacts, such as nonstationary behavior in
the interferometer noise, are not very detrimental to CBC
searches as they occur on a time scale that is much longer
than any CBC waveform. However, shorter duration
artifacts can pollute the noise background distribution of
CBC searches. Many of these artifacts have distinct
signatures [49] visible in the auxiliary data channels from
the large number of sensors used to monitor instrumental or
environmental disturbances at each observatory site [50].
When a significant noise source is identified, contaminated
data are removed from the analysis data set. After applying
this data quality process, detailed in Ref. [51], the remain-
ing coincident analysis time in O1 is 48.6 days. The
analyses search only stretches of data longer than a
minimum duration, to ensure that the detectors are operat-
ing stably. The choice is different in the two analyses and
reduces the available data to 46.1 days for the PyCBC
analysis and 48.3 days for the GstLAL analysis.

III. SEARCH RESULTS

Two different, largely independent, analyses have been
implemented to search for stellar-mass BBH signals in the
data of O1: PyCBC [2–4] and GstLAL [5–7]. Both these
analyses employ matched filtering [52–60] with waveforms
given by models based on general relativity [8,9] to search
for gravitational waves from binary neutron stars, BBHs,
and neutron star–black hole binaries. In this paper, we
focus on the results of the matched-filter search for BBHs.

FIG. 1. Left panel: Amplitude spectral density of the total strain noise of the H1 and L1 detectors,
ffiffiffiffiffiffiffiffiffi
SðfÞ

p
, in units of strain per

ffiffiffiffiffiffi
Hz

p
,

and the recovered signals of GW150914, GW151226, and LVT151012 plotted so that the relative amplitudes can be related to the SNR
of the signal (as described in the text). Right panel: Time evolution of the recovered signals from when they enter the detectors’ sensitive
band at 30 Hz. Both figures show the 90% credible regions of the LIGO Hanford signal reconstructions from a coherent Bayesian
analysis using a nonprecessing spin waveform model [48].
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expressed as

ρ2 ¼
Z

∞

0

ð2j ~hðfÞj
ffiffiffi
f

p
Þ2

SnðfÞ
d lnðfÞ; ð1Þ

where ~hðfÞ is the Fourier transform of the signal. Writing it
in this form motivates the normalization of the waveform
plotted in Fig. 1, as the area between the signal and noise
curves is indicative of the SNR of the events.
The gravitational-wave signal from a BBH merger takes

the form of a chirp, increasing in frequency and amplitude
as the black holes spiral inwards. The amplitude of the
signal is maximum at the merger, after which it decays
rapidly as the final black hole rings down to equilibrium. In
the frequency domain, the amplitude decreases with fre-
quency during inspiral, as the signal spends a greater
number of cycles at lower frequencies. This is followed
by a slower falloff during merger and then a steep decrease
during the ringdown. The amplitude of GW150914 is
significantly larger than the other two events, and at the
time of the merger, the gravitational-wave signal lies well
above the noise. GW151226 has a lower amplitude but
sweeps across the whole detector’s sensitive band up to
nearly 800 Hz. The corresponding time series of the three
waveforms are plotted in the right panel of Fig. 1 to better
visualize the difference in duration within the Advanced
LIGO band: GW150914 lasts only a few cycles, while
LVT151012 and GW151226 have lower amplitudes but last
longer.
The analysis presented in this paper includes the total set

of O1 data from September 12, 2015 to January 19, 2016,

which contain a total coincident analysis time of 51.5 days
accumulated when both detectors were operating in their
normal state. As discussed in Ref. [13] with regard to the
first 16 days of O1 data, the output data of both detectors
typically contain nonstationary and non-Gaussian features,
in the form of transient noise artifacts of varying durations.
Longer duration artifacts, such as nonstationary behavior in
the interferometer noise, are not very detrimental to CBC
searches as they occur on a time scale that is much longer
than any CBC waveform. However, shorter duration
artifacts can pollute the noise background distribution of
CBC searches. Many of these artifacts have distinct
signatures [49] visible in the auxiliary data channels from
the large number of sensors used to monitor instrumental or
environmental disturbances at each observatory site [50].
When a significant noise source is identified, contaminated
data are removed from the analysis data set. After applying
this data quality process, detailed in Ref. [51], the remain-
ing coincident analysis time in O1 is 48.6 days. The
analyses search only stretches of data longer than a
minimum duration, to ensure that the detectors are operat-
ing stably. The choice is different in the two analyses and
reduces the available data to 46.1 days for the PyCBC
analysis and 48.3 days for the GstLAL analysis.

III. SEARCH RESULTS

Two different, largely independent, analyses have been
implemented to search for stellar-mass BBH signals in the
data of O1: PyCBC [2–4] and GstLAL [5–7]. Both these
analyses employ matched filtering [52–60] with waveforms
given by models based on general relativity [8,9] to search
for gravitational waves from binary neutron stars, BBHs,
and neutron star–black hole binaries. In this paper, we
focus on the results of the matched-filter search for BBHs.

FIG. 1. Left panel: Amplitude spectral density of the total strain noise of the H1 and L1 detectors,
ffiffiffiffiffiffiffiffiffi
SðfÞ

p
, in units of strain per

ffiffiffiffiffiffi
Hz

p
,

and the recovered signals of GW150914, GW151226, and LVT151012 plotted so that the relative amplitudes can be related to the SNR
of the signal (as described in the text). Right panel: Time evolution of the recovered signals from when they enter the detectors’ sensitive
band at 30 Hz. Both figures show the 90% credible regions of the LIGO Hanford signal reconstructions from a coherent Bayesian
analysis using a nonprecessing spin waveform model [48].
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fact that the mass is blueshifted means that we cannot
easily scale our results to another (say, a greater) distance
for the same intrinsic masses. Such a scaling will be valid if
at the same time the intrinsic masses are also scaled up/
down by the appropriate redshift factor.

D. Visibility of different modes

It is instructive to plot the SNR integrand d!2=df ¼
jHðfÞj2=ShðfÞ as it depicts how the different modes become
important for systems with different masses. Figure 4 plots
this quantity for two systems as seen in LISA. The left panel
corresponds to a black hole of total massM ¼ 5$ 106M%
and the right panel to M ¼ 107M%. The mass ratio q is
q ¼ 10 in both cases and the angles are as in Table III.

The various mode frequencies F‘m ¼ !‘m=ð2"Þ of the
two systems are F22 ’ 2:74 mHz, F21 ’ 2:54 mHz, and
F33 ’ 4:26 mHz for the lighter black hole and F22 ’
1:37 mHz F21 ’ 1:27 mHz, and F33 ’ 2:13 mHz for the
heavier black hole. Let us first note that the 22 mode of the
lighter black hole and 33 mode of the heavier black hole
are close to the region where LISA has best sensitivity.
This will be relevant in the discussion that follows.

The intrinsic amplitudes of the 21 and 33 modes are a
little more than a third of the 22 mode for q ¼ 10.
However, since the SNR integrand depends on the signal
power weighted down by the noise power, for a given
black-hole mass the SNR integrand could be as large as,
or even dominated by, modes different from the 22 mode.
This does not happen for the 21 mode since the frequencies

of the 22 and 21 modes are very close to each other and so
the 21 mode is always far smaller than the 22 mode. For a
black-hole mass of 107M%, the 33 mode is as strong as the
22 mode and for masses even larger, the 33 mode over-
whelms the 22 mode. The total SNR for the 5$ 106M%
black hole is ! ¼ 1670, with the different modes contrib-
uting !22 ¼ 1500, !21 ¼ 625, and !33 ¼ 950. The SNR is
clearly dominated by the 22 mode.
In the case of the heavier black hole, the total SNR is

! ¼ 2520, with the different modes contributing !22 ¼
1940, !21 ¼ 920, !33 ¼ 1860. In this case, the 33 mode
is as strong as the 33 mode but the 21 mode, as expected, is
subdominant.

E. Exploring black-hole demographics
with ET and LISA

Figures 5 and 6 plot the SNR in the ringdown signal
(plots titled ‘‘SNR in all modes’’) and contribution from
the 22, 21, and 33 modes (plots titled accordingly) as a
function of the black-hole mass M and mass ratio q of the
progenitor binary for aLIGO, ET, and LISA; M and q are
varied over the range as in Table III. Most of the contribu-
tion to the SNR comes from the 22 mode followed by
33 and 21. Let us recall that SNRs from different modes do
not add in quadrature.
In the case of aLIGO, the 22 and 33 modes will be

visible in a significant fraction of the parameter space
explored provided the source is within a distance of
1 Gpc. The 21 mode will not be visible in aLIGO at this
distance except perhaps for the heaviest systems explored.
In the case of ET, assuming a SNR threshold of 10 for

detection, the signal is visible to a redshift of z& 0:8 in
most of the parameter space explored. Black holes of total
mass M> 400M% that form from the coalescence of
binaries whose mass ratio is less than 4 will be visible at
redshifts z& 2' 3:5
In the case of LISA, ringdowns produce a very large

SNR. Even assuming a SNR threshold of 40, LISA should
see the formation of supermassive black holes in the range

TABLE III. This Table lists the values of the various parame-
ters used in our study. In all cases, the angles are all set to be
# ¼ ’ ¼ c ¼ $ ¼ % ¼ "=3.

Detector DL=Gpc M=M% q

aLIGO 1.00 ½100; 103) 2–10
ET 1.00 ½10; 103) 2–10
LISA 6.73 ½3$ 106; 108) 2–25
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FIG. 4 (color online). The signal-to-noise ratio integrand for LISA for a quasinormal mode signal that is composed of 22, 21, and 33
modes—the three most dominant ones. The source is assumed to be at a redshift of z ¼ 1 and the various angles are as in Table III. The
left panel corresponds to a black hole of massM ¼ 5$ 106M% and the right panel to a black hole of massM ¼ 107M%. In both cases,
the mass ratio of the progenitor binary is taken to be q ¼ 10.
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• Quasi normal mode signal example in LISA:  

• left total mass of 5 million solar mass 

• right total mass of 50 million solar masses 

• mass ratio of 1:10 in both cases

Kamaretsos+ 2012
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ff0; τg plane as a function of the merger-to-start time offset
t0 − tM, as well as the corresponding contour for the least-
damped QNM, as predicted in GR for the remnant mass
and spin parameters estimated for GW150914.
The 90% posterior contour starts to overlap with the GR

prediction from the IMR waveform for t0 ¼ tM þ 3 ms, or
∼10M after the merger. The corresponding log Bayes factor
at this point is log10 B ∼ 14 and the MAP waveform SNR is
∼8.5. For t0 ¼ tM þ 5 ms, the MAP parameters fall within
the contour predicted in GR for the least-damped QNM,
with log10B ∼ 6.5 and SNR ∼ 6.3. At t0 ¼ tM þ 6.5 ms, or
about 20M after merger, the Bayes factor is log10 B ∼ 3.5
with SNR ∼ 4.8. The signal becomes undetectable shortly
thereafter, for t0 ≳ tM þ 9 ms, where B≲ 1.
Measuring the frequency and decay time of one

damped sinusoid in the data does not by itself allow
us to conclude that we have observed the least-damped
QNM of the final black hole since the measured quality
factor could be biased by the presence of the other
QNMs in the ringdown signal (see, e.g., Refs. [63,64]
and the references therein). However, based on the
numerical simulations discussed in Refs. [65–67], one
should expect the GW frequency to level off at
10M–20M after the merger, which is where the descrip-
tion of ringdown in terms of QNMs becomes valid. For
a mass M ∼ 68M⊙, the corresponding range is ∼3–7 ms
after merger. Since this is where we observe the 90%
posterior contours of the damped-sinusoid waveform
model and the 90%-confidence region estimated from
the IMR waveform to be consistent with each other, we
may conclude that the data are compatible with the
presence of the least-damped QNM, as predicted by GR.

In the future, we will extend the analysis to two damped
sinusoids and will explore the possibility of independently
extracting the final black hole’s mass and spin. A test of the
general-relativistic no-hair theorem [68,69] requires the
identification of at least two QNM frequencies in the
ringdown waveform [64,70,71]. Such a test would benefit
from the observation of a system with a total mass similar to
the one of GW150914, but with a larger asymmetry
between component masses, which would increase the
amplitudes of the subdominant modes; a stronger misalign-
ment of the orbital angular momentum with the line of sight
would further improve their visibility [70]. Finally, the
determination of the remnant mass and spin independent of
binary component parameters will allow us to test the
second law of black-hole dynamics [72,73].
Constraining parametrized deviations from general-

relativistic inspiral-merger-ringdown waveforms.—
Because GW150914 was emitted by a binary black hole
in its final phase of rapid orbital evolution, its gravitational
phasing (or phase evolution) encodes nonlinear
conservative and dissipative effects that are not observable
in binary pulsars, whose orbital period changes at an
approximately constant rate. (Current binary-pulsar obser-
vations do constrain conservative dynamics at 1 PN order
and they partially constrain spin-orbit effects at 1.5 PN
order through geodetic spin precession [12].) Those effects
include tails of radiation due to backscattering of GWs by
the curved background around the coalescing black holes
[74], nonlinear tails (i.e., tails of tails) [75], couplings
between black-hole spins and the binary’s orbital angular
momentum, interactions between the spins of the two
bodies [76–78], and excitations of QNMs [28–30] as the
remnant black hole settles in the stationary configuration.
Whether all of these subtle effects can actually be

identified in GW150914 and tested against GR predictions
depends, of course, on their strength with respect to
instrument noise and on whether the available waveform
models are parametrized in terms of those physical
effects. GW150914 is moderately loud, with SNR ∼ 24,
certainly much smaller than what can be achieved in
binary-pulsar observations. Our ability to analyze the fine
structure of the GW150914 waveform is correspondingly
limited. Our approach is to adopt a parametrized analytical
family of inspiral-merger-ringdown waveforms, then treat
the waveform coefficients as free variables that can be
estimated (either individually or in groups) from the
GW150914 data [79–85]. We can then verify that the
posterior probability distributions for the coefficients
include their GR values.
The simplest and fastest parametrized waveform model

that is currently available [41] can be used to bound physical
effects only for the coefficients that enter the early-inspiral
phase because, for the late-inspiral, merger, and ringdown
phases, it uses phenomenological coefficients fitted to NR
waveforms. Louder GW events, to be collected as detector

FIG. 5. 90% credible regions in the joint posterior distributions
for the damped-sinusoid parameters f0 and τ (see the main text),
assuming start times t0 ¼ tM þ 1, 3, 5, 6.5 ms, where tM is the
merger time of the MAP waveform for GW150914. The black
solid line shows the 90% credible region for the frequency and
decay time of the l ¼ 2, m ¼ 2, n ¼ 0 (i.e., the least-damped)
QNM, as derived from the posterior distributions of the remnant
mass and spin parameters.
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Observation of Gravitational Waves from a Binary Black Hole Merger

B. P. Abbott et al.*

(LIGO Scientific Collaboration and Virgo Collaboration)
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On September 14, 2015 at 09:50:45 UTC the two detectors of the Laser Interferometer Gravitational-Wave
Observatory simultaneously observed a transient gravitational-wave signal. The signal sweeps upwards in
frequency from 35 to 250 Hz with a peak gravitational-wave strain of 1.0 × 10−21. It matches the waveform
predicted by general relativity for the inspiral and merger of a pair of black holes and the ringdown of the
resulting single black hole. The signal was observed with a matched-filter signal-to-noise ratio of 24 and a
false alarm rate estimated to be less than 1 event per 203 000 years, equivalent to a significance greater
than 5.1σ. The source lies at a luminosity distance of 410þ160

−180 Mpc corresponding to a redshift z ¼ 0.09þ0.03
−0.04 .

In the source frame, the initial black hole masses are 36þ5
−4M⊙ and 29þ4

−4M⊙, and the final black hole mass is
62þ4

−4M⊙, with 3.0þ0.5
−0.5M⊙c2 radiated in gravitational waves. All uncertainties define 90% credible intervals.

These observations demonstrate the existence of binary stellar-mass black hole systems. This is the first direct
detection of gravitational waves and the first observation of a binary black hole merger.

DOI: 10.1103/PhysRevLett.116.061102

I. INTRODUCTION

In 1916, the year after the final formulation of the field
equations of general relativity, Albert Einstein predicted
the existence of gravitational waves. He found that
the linearized weak-field equations had wave solutions:
transverse waves of spatial strain that travel at the speed of
light, generated by time variations of the mass quadrupole
moment of the source [1,2]. Einstein understood that
gravitational-wave amplitudes would be remarkably
small; moreover, until the Chapel Hill conference in
1957 there was significant debate about the physical
reality of gravitational waves [3].
Also in 1916, Schwarzschild published a solution for the

field equations [4] that was later understood to describe a
black hole [5,6], and in 1963 Kerr generalized the solution
to rotating black holes [7]. Starting in the 1970s theoretical
work led to the understanding of black hole quasinormal
modes [8–10], and in the 1990s higher-order post-
Newtonian calculations [11] preceded extensive analytical
studies of relativistic two-body dynamics [12,13]. These
advances, together with numerical relativity breakthroughs
in the past decade [14–16], have enabled modeling of
binary black hole mergers and accurate predictions of
their gravitational waveforms. While numerous black hole
candidates have now been identified through electromag-
netic observations [17–19], black hole mergers have not
previously been observed.

The discovery of the binary pulsar systemPSR B1913þ16
by Hulse and Taylor [20] and subsequent observations of
its energy loss by Taylor and Weisberg [21] demonstrated
the existence of gravitational waves. This discovery,
along with emerging astrophysical understanding [22],
led to the recognition that direct observations of the
amplitude and phase of gravitational waves would enable
studies of additional relativistic systems and provide new
tests of general relativity, especially in the dynamic
strong-field regime.
Experiments to detect gravitational waves began with

Weber and his resonant mass detectors in the 1960s [23],
followed by an international network of cryogenic reso-
nant detectors [24]. Interferometric detectors were first
suggested in the early 1960s [25] and the 1970s [26]. A
study of the noise and performance of such detectors [27],
and further concepts to improve them [28], led to
proposals for long-baseline broadband laser interferome-
ters with the potential for significantly increased sensi-
tivity [29–32]. By the early 2000s, a set of initial detectors
was completed, including TAMA 300 in Japan, GEO 600
in Germany, the Laser Interferometer Gravitational-Wave
Observatory (LIGO) in the United States, and Virgo in
Italy. Combinations of these detectors made joint obser-
vations from 2002 through 2011, setting upper limits on a
variety of gravitational-wave sources while evolving into
a global network. In 2015, Advanced LIGO became the
first of a significantly more sensitive network of advanced
detectors to begin observations [33–36].
A century after the fundamental predictions of Einstein

and Schwarzschild, we report the first direct detection of
gravitational waves and the first direct observation of a
binary black hole system merging to form a single black
hole. Our observations provide unique access to the

*Full author list given at the end of the article.
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Testing the no-hair theorem with black hole ringdowns using TIGER
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The Einstein Telescope (ET), a proposed third-generation gravitational wave observatory, would
enable tests of the no-hair theorem by looking at the characteristic frequencies and damping times
of black hole ringdown signals. In previous work it was shown that with a single 500 � 1000M�
black hole at distance . 6 Gpc (or redshift z . 1), deviations of a few percent in the frequencies and
damping times of dominant and sub-dominant modes would be within the range of detectability.
Given that such sources may be relatively rare, it is of interest to see how well the no-hair theorem
can be tested with events at much larger distances and with smaller signal-to-noise ratios, thus
accessing a far bigger volume of space and a larger number of sources. We employ a model selection
scheme called TIGER (Test Infrastructure for GEneral Relativity), which was originally developed
to test general relativity with weak binary coalescence signals that will be seen in second-generation
detectors such as Advanced LIGO and Advanced Virgo. TIGER is well-suited for the regime of
low signal-to-noise ratio, and information from a population of sources can be combined so as to
arrive at a stronger test. By performing a range of simulations using the expected noise power
spectral density of Einstein Telescope, we show that with TIGER, similar deviations from the no-
hair theorem as considered in previous work will be detectable with great confidence using O(10)
sources distributed uniformly in co-moving volume out to 50 Gpc (z . 5).

PACS numbers: 04.25.dg, 04.80.Nn, 95.55.Ym, 04.80.Cc

I. INTRODUCTION

The no-hair theorem states that a black hole that has
settled down to its final stationary vacuum state is de-
termined only by its mass, spin and electric charge [1–5].
Astrophysical black holes are thought to be electrically
neutral so that only mass and spin need to be consid-
ered, leading to the Kerr geometry. When a black hole
is formed as a result of the inspiral and merger of two
other compact objects, it will undergo ‘ringdown’ as it
evolves towards its quiescent state. This process can be
modeled by considering linear perturbations of the Kerr
metric, or quasi-normal modes, which are characterized
by frequencies !lm and damping times ⌧lm [6–9]. Since
the underlying Kerr spacetime is only characterized by its
mass M and spin J , these frequencies and times are con-
strained by linearized general relativity to only depend
on these quantities through specific functional relation-
ships, so that observational tests of these dependences
would constitute a test of the no-hair theorem, and hence
of general relativity (GR);[61] this was first hinted at by
Detweiler [11], made concrete by Dreyer et al. [12], and
further explored in [13–15].

Recently Gossan, Veitch, and Sathyaprakash [16] inves-
tigated the possibility of performing this kind of test us-
ing Einstein Telescope (ET), a proposed third-generation
ground-based gravitational wave detector [23], as well
as with the space-based eLISA [28]. These authors
evaluated two methods for checking the dependences
!lm = !GR

lm (M,J) and ⌧lm = ⌧GR
lm (M,J) predicted by

GR: Bayesian parameter estimation and model selection.
Specifically, one can write possible deviations from these
dependences as

!lm = !GR
lm (M,J) (1 + �!̂lm), (1)

⌧lm = ⌧GR
lm (M,J) (1 + �⌧̂lm), (2)

and then (a) calculate how well the dimensionless quanti-
ties �!̂lm, �⌧̂lm can be measured, or (b) compare the evi-
dences for two models: one where the �!̂lm, �⌧̂lm are free
parameters, and another in which they are all identically
zero, corresponding to the GR prediction. In practice,
the authors of [16] restricted their attention to the set

{�!̂22, �!̂33, �⌧̂22}. (3)

It was found that for black holes with masses in the range
500�1000M� at a distance of 6 Gpc, ET would allow for
measurements of �!̂22, �!̂33, and �⌧̂22 with accuracies of
a few percent for the first two parameters, and about 10%
for the third. (For comparison, boson stars in the same
mass range would cause �!̂22 and �⌧̂22 to be of order
1 [17].) With model selection and assuming a 500M�
black hole, a deviation of a few percent in �!̂22 could be
discriminated from GR with lnBdev

GR > 10, were Bdev
GR is

the Bayes factor, or ratio of evidences, for the model that
deviates from GR (with the variables in Eq. (3) as extra
free parameters) versus the GR model.
How frequently might one test GR in this way? Coales-

cence rates of intermediate-mass binary black holes which
would give rise to ringdowns with masses in the above
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m2 the progenitor component masses) from Kamaret-
sos et al. [15].[62] Here we will relax this assumption
and include the e↵ect of non-zero progenitor spins in the
waveforms, using more recent results. For spinning pro-
genitors, Kamaretsos, Hannam, and Sathyaprakash [44]
found that mainly A21 is strongly a↵ected, and a good
fit for all the relevant amplitudes is given by

A22(⌫) = 0.864⌫, (11)

A21(⌫) = 0.43
⇥p

1� 4⌫ � �e↵

⇤
A22(⌫), (12)

A33(⌫) = 0.44(1� 4⌫)0.45A22(⌫). (13)

A44(⌫) =
⇥
5.4(⌫ � 0.22)2 + 0.04

⇤
A22(⌫), (14)

where

�e↵ =
1

2

�p
1� 4⌫ �1 + ��

�
, (15)

with

�� =
m1�1 �m2�2

Min
. (16)

Here (m1,m2) and (�1,�2) are, respectively, the progen-
itor component masses and dimensionless spin magni-
tudes, and Min is the initial total mass of the system,
which to reasonable approximation we can take to be
equal to the mass of the final black hole.

For the frequencies !lm and damping times ⌧lm there
also exist good fits, which can be expressed through the
quality factors Qlm = !lm⌧lm/2:

M! = f1 + f2(1� j)f3 , (17)

Q = q1 + q2(1� j)q3 , (18)

where for the values of the coe�cients f1, f2, f3, q1, q2,
q3 we refer to [13]. Finally, there exists a simple fit for the
spin j of the final black hole in terms of the component
masses (m1,m2) and spins (~�1, ~�2) [45, 46], for which we
refer to [46].

For the simulated sigals, or injections, we choose pro-
genitor spins ~�1, ~�2 from a distribution with isotropic
directions, and a Gaussian distribution for the magni-
tudes centered on 0.7, with standard deviation 0.2 and
hard cut-o↵s at 0.5 and 0.99 [47]; note that the value
of 0.7 roughly corresponds to what one gets from the
coalescence of non-spinning, equal mass binary black
holes. The mass M is drawn from a uniform distri-
bution between 500 and 1000 M�, and the mass ra-
tio q = m1/m2 from a uniform distribution between
0.3 and 1. Amplitudes are computed as in Eqs. (11)-
(16), where we take �1,2 = |~�1,2|, and the final spin
j is calculated from component masses and spins us-
ing the formula of Barausse and Rezzolla [46]. With
these choices for masses and spins, the characteristic fre-
quency f22 = !22/(2⇡) of the dominant ringdown mode
ranges from about 15 to 100 Hz, while the inspiral signal,
which ends roughly at fLSO = (63/2⇡M)�1, stays below
the lower cut-o↵ frequency of 10 Hz and hence is never

in the sensitive frequency band. Redshifts are taken to
be between 1.5 and 5, and sources are placed uniformly
in co-moving volume assuming a ⇤CDM cosmology with
(⌦M,⌦⇤, h0) = (0.27, 0.73, 0.70), so that luminosity dis-
tances approximately range from 10 to 50 Gpc. Since
part of the exercise is to stress-test the TIGER frame-
work, we only analyze sources with signal-to-noise ratio
(SNR)< 30, corresponding to a minimum angle-averaged
distance of 14.97 Gpc (z = 1.90). Sky positions (✓,') and
orientations (◆, ) are drawn from uniform distributions
on the sphere. To gauge our sensitivity to deviations in
!22(M, j), !33(M, j), and ⌧22(M, j), we introduce con-
stant relative shifts �!̂22, �!̂33, and �⌧̂22 as explained in
the introduction.

For the templates, we only take �e↵ and j to be the
spin-related free parameters, as the progenitor compo-
nent spins ~�1 and ~�2 will not be separately measurable
from a ringdown signal alone.[63] The free parameters for
the waveform model corresponding to the GR hypothesis
HGR are then

~✓GR = {M, ⌫, j,�e↵ , DL, ✓,', , ◆,�, t0} , (19)

where t0 is the time of arrival of the signal at the detector.
The prior on M is chosen to be uniform between 300 and
1200 M�, and the one for the symmetric mass ratio ⌫
is flat between 0.01 and 0.25; in terms of the mass ratio
q = m1/m2 this range corresponds to 0.01 . q  1.
The prior on j is uniform between 0.01 and 0.99, and the
one on �e↵ is uniform between �1 and 1. Sky positions
and orientations are taken to be uniform on the sphere,
and the prior on distance is uniform in co-moving volume
between 8 and 60 Gpc. t0 is taken to be in a window of
width 100 ms.

C. TIGER for ringdown

To apply TIGER in the context of ringdown, we in-
troduce the same parameterized deformations of the
waveform as in [16], namely the ones of Eqs. (1)-(3).
The parameter spaces corresponding to the various sub-
hypotheses Hi1i2...ik of HmodGR are given by

H1  ! {~✓GR, �!̂22},
H2  ! {~✓GR, �!̂33},
H3  ! {~✓GR, �⌧̂22},
H12  ! {~✓GR, �!̂22, �!̂33},
H13  ! {~✓GR, �!̂22, �⌧̂22},
H23  ! {~✓GR, �!̂33, �⌧̂22},
H123  ! {~✓GR, �!̂22, �!̂33, �⌧̂22}.

(20)

Given a detection dA, the corresponding Bayes factors
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m2 the progenitor component masses) from Kamaret-
sos et al. [15].[62] Here we will relax this assumption
and include the e↵ect of non-zero progenitor spins in the
waveforms, using more recent results. For spinning pro-
genitors, Kamaretsos, Hannam, and Sathyaprakash [44]
found that mainly A21 is strongly a↵ected, and a good
fit for all the relevant amplitudes is given by

A22(⌫) = 0.864⌫, (11)

A21(⌫) = 0.43
⇥p

1� 4⌫ � �e↵

⇤
A22(⌫), (12)

A33(⌫) = 0.44(1� 4⌫)0.45A22(⌫). (13)

A44(⌫) =
⇥
5.4(⌫ � 0.22)2 + 0.04

⇤
A22(⌫), (14)

where

�e↵ =
1

2

�p
1� 4⌫ �1 + ��

�
, (15)

with

�� =
m1�1 �m2�2

Min
. (16)

Here (m1,m2) and (�1,�2) are, respectively, the progen-
itor component masses and dimensionless spin magni-
tudes, and Min is the initial total mass of the system,
which to reasonable approximation we can take to be
equal to the mass of the final black hole.

For the frequencies !lm and damping times ⌧lm there
also exist good fits, which can be expressed through the
quality factors Qlm = !lm⌧lm/2:

M! = f1 + f2(1� j)f3 , (17)

Q = q1 + q2(1� j)q3 , (18)

where for the values of the coe�cients f1, f2, f3, q1, q2,
q3 we refer to [13]. Finally, there exists a simple fit for the
spin j of the final black hole in terms of the component
masses (m1,m2) and spins (~�1, ~�2) [45, 46], for which we
refer to [46].

For the simulated sigals, or injections, we choose pro-
genitor spins ~�1, ~�2 from a distribution with isotropic
directions, and a Gaussian distribution for the magni-
tudes centered on 0.7, with standard deviation 0.2 and
hard cut-o↵s at 0.5 and 0.99 [47]; note that the value
of 0.7 roughly corresponds to what one gets from the
coalescence of non-spinning, equal mass binary black
holes. The mass M is drawn from a uniform distri-
bution between 500 and 1000 M�, and the mass ra-
tio q = m1/m2 from a uniform distribution between
0.3 and 1. Amplitudes are computed as in Eqs. (11)-
(16), where we take �1,2 = |~�1,2|, and the final spin
j is calculated from component masses and spins us-
ing the formula of Barausse and Rezzolla [46]. With
these choices for masses and spins, the characteristic fre-
quency f22 = !22/(2⇡) of the dominant ringdown mode
ranges from about 15 to 100 Hz, while the inspiral signal,
which ends roughly at fLSO = (63/2⇡M)�1, stays below
the lower cut-o↵ frequency of 10 Hz and hence is never

in the sensitive frequency band. Redshifts are taken to
be between 1.5 and 5, and sources are placed uniformly
in co-moving volume assuming a ⇤CDM cosmology with
(⌦M,⌦⇤, h0) = (0.27, 0.73, 0.70), so that luminosity dis-
tances approximately range from 10 to 50 Gpc. Since
part of the exercise is to stress-test the TIGER frame-
work, we only analyze sources with signal-to-noise ratio
(SNR)< 30, corresponding to a minimum angle-averaged
distance of 14.97 Gpc (z = 1.90). Sky positions (✓,') and
orientations (◆, ) are drawn from uniform distributions
on the sphere. To gauge our sensitivity to deviations in
!22(M, j), !33(M, j), and ⌧22(M, j), we introduce con-
stant relative shifts �!̂22, �!̂33, and �⌧̂22 as explained in
the introduction.

For the templates, we only take �e↵ and j to be the
spin-related free parameters, as the progenitor compo-
nent spins ~�1 and ~�2 will not be separately measurable
from a ringdown signal alone.[63] The free parameters for
the waveform model corresponding to the GR hypothesis
HGR are then

~✓GR = {M, ⌫, j,�e↵ , DL, ✓,', , ◆,�, t0} , (19)

where t0 is the time of arrival of the signal at the detector.
The prior on M is chosen to be uniform between 300 and
1200 M�, and the one for the symmetric mass ratio ⌫
is flat between 0.01 and 0.25; in terms of the mass ratio
q = m1/m2 this range corresponds to 0.01 . q  1.
The prior on j is uniform between 0.01 and 0.99, and the
one on �e↵ is uniform between �1 and 1. Sky positions
and orientations are taken to be uniform on the sphere,
and the prior on distance is uniform in co-moving volume
between 8 and 60 Gpc. t0 is taken to be in a window of
width 100 ms.

C. TIGER for ringdown

To apply TIGER in the context of ringdown, we in-
troduce the same parameterized deformations of the
waveform as in [16], namely the ones of Eqs. (1)-(3).
The parameter spaces corresponding to the various sub-
hypotheses Hi1i2...ik of HmodGR are given by

H1  ! {~✓GR, �!̂22},
H2  ! {~✓GR, �!̂33},
H3  ! {~✓GR, �⌧̂22},
H12  ! {~✓GR, �!̂22, �!̂33},
H13  ! {~✓GR, �!̂22, �⌧̂22},
H23  ! {~✓GR, �!̂33, �⌧̂22},
H123  ! {~✓GR, �!̂22, �!̂33, �⌧̂22}.

(20)

Given a detection dA, the corresponding Bayes factors
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range are highly uncertain [18–20]; ET may see between
a few and a few thousands per year [21, 22]. Gossan et

al. considered single, relatively loud sources, but one will
also want to combine information from multiple, possi-
bly weak signals out to large distances so as to maximally
exploit the available set of detections. Since deviations
from the no-hair theorem may be such that �!̂22, �!̂33,
and/or �⌧̂22 take on di↵erent non-zero values for di↵erent
sources, when doing parameter estimation it will not be
possible to combine posterior probability densities from
multiple events unless one already assumes GR to be cor-
rect. On the other hand, although Bayesian model selec-
tion does lend itself quite easily to the utilization of all
available detections, if one lets {�!̂22, �!̂33, �⌧̂22} (and
possibly more of the �!̂lm, �⌧̂lm) vary all at the same
time, one may be penalized if the corresponding model
is insu�ciently parsimonious, i.e. if the correct model
involves a smaller number of additional parameters.

In [29–33], a more general algorithm for testing GR was
developed, called TIGER (Test Infrastructure for GEn-
eral Relativity). Take a gravitational waveform model
as predicted by GR, and introduce deformations param-
eterized by dimensionless quantities �⇠i, i = 1, 2, . . . , NT

such that all of the �⇠i being zero corresponds to GR be-
ing correct. One can then ask the question: “Do one or
more of the �⇠i di↵er from zero?” Let us denote the corre-
sponding hypothesis by HmodGR, and the GR hypothesis
by HGR. Now, there is no waveform model that corre-
sponds to HmodGR. However, as shown in [29], one can
define logically disjoint ‘sub-hypotheses’Hi1i2...ik , in each
of which a fixed set of parameters {�⇠i1 , �⇠i2 , . . . , �⇠ik} are
non-zero while �⇠j = 0 for j /2 {i1, i2, . . . , ik}. There are
2NT � 1 such sub-hypotheses, corresponding to the non-
empty sub-sets of the full set {�⇠1, �⇠2, . . . , �⇠NT }. The
Hi1i2...ik do have waveform models associated with them
that can be compared with the data, and HmodGR can be
expressed as the logical union of all the sub-hypotheses:

HmodGR =
_

i1<i2<...<ik; kNT

Hi1i2...ik . (4)

Given a catalog of detections d1, d2, . . . , dN and whatever
background information I one may possess, one can then
compute the odds ratio for HmodGR against HGR:

OmodGR
GR ⌘ P (HmodGR|d, I)

P (HGR|d, I)

=
↵

2NT � 1

X

i1<i2<...<ik;kNT

NY

A=1

(A)Bi1i2...ik
GR .

(5)

Here ↵ is an unimportant scaling factor which below will
be set to unity, and the Bayes factors (A)Bi1i2...ik

GR for a
detection dA are given by

(A)Bi1i2...ik
GR ⌘ P (dA|Hi1i2...ik , I)

P (dA|HGR, I)
, (6)

with P (dA|Hi1i2...ik , I) and P (dA|HGR, I) the evidences

for Hi1i2...ik and HGR, respectively. For basic assump-
tions and detailed derivations we refer to [29–31].
The TIGER formalism has been evaluated extensively

in the context of binary neutron star inspirals that will
be observed by second-generation detectors such as Ad-
vanced LIGO [34], Advanced Virgo [35], GEO-HF [36],
KAGRA [37], and LIGO-India [38]. In [29, 30] it was
shown that, thanks to the introduction of the Hi1i2...ik ,
the method avoids potential problems due to insu�cient
parsimony, is well-suited to dealing with weak signals,
and enables the discovery of a wide range of deviations
from GR, including ones that are well outside the par-
ticular parameterized waveform family used; moreover,
information from multiple sources can trivially be com-
bined.
However, TIGER is not tied to any particular gravi-

tational waveform model and can be applied to testing
the no-hair theorem with ringdown signals. Consider the
NT = 3 testing parameters of [16],

�⇠1 = �!̂22, �⇠2 = �!̂33, �⇠3 = �⌧̂22. (7)

HmodGR, the hypothesis that one or more of the �⇠i de-
viate from their GR value, is then the logical union of
23 � 1 = 7 sub-hypotheses H1, H2, H3, H12, H13, H23,
and H123. Here H1 is the hypothesis that �⇠1 6= 0 while
�⇠2 = �⇠3 = 0, H13 the hypothesis that both �⇠1 6= 0
and �⇠3 6= 0 but �⇠2 = 0, and similarly for the other sub-
hypotheses. In the above language, the model selection
set-up of Gossan et al. [16] only involved calculating, for
a single source, the Bayes factor

B123
GR =

P (d|H123, I)

P (d|HGR, I)
. (8)

It would be of great interest to see how our ability to
discern violations of the no-hair theorem with ringdown
signals would improve if the full formalism of TIGER
were brought to bear. This will be the main topic of the
present paper.
When evaluating the odds ratio OmodGR

GR of Eq. (5) us-
ing one or more detected signals, we may find that there
is no reason to believe that GR is incorrect. However,
in that case it will still be of interest to measure �!̂22,
�!̂33, and �⌧̂22 for each source and combine the resulting
posterior density distributions so as to arrive at a joint
result for the entire catalog of detections. This we will
also do, and as we shall see, potentially tight constraints
can be set on these parameters.
This paper is structured as follows. In Sec. II we ex-

plain our assumptions regarding Einstein Telescope as
well as our waveform models for signals and templates,
and the set-up of the simulations. In Sec. III we evalu-
ate TIGER’s ability to perform tests of the no-hair the-
orem. The possibility of precision measurements of the
free parameters in case we have no reason to doubt GR
is discussed in Sec. IV. Sec. V provides a summary and
conclusions.

Gossan+ 2012, Meidam+ 2014
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FIG. 8: Top panels: Posterior density functions for �!̂
22

(left), �!̂
33

(middle), and �⌧̂
22

(right), both for a single source at a
distance of 20.69 Gpc (z = 2.47) with an SNR of 19.14, and for a catalog of 20 sources. Bottom: Evolution of medians and
95% confidence intervals of PDFs as more and more sources are included.

is visible. In reality one would also expect lighter systems
to be seen, for which one would want to utilize informa-
tion from the inspiral and merger regimes as well. Given
appropriate GR waveform models (as are likely to become
available on the timescale of ET) it should be possible to
put extremely stringent restrictions on GR violations by
using the thousands of stellar-mass binary coalescence
events that ET will plausibly observe. However, as we
have shown, even events where only the ringdown can be
accessed will separately allow for interesting tests of the
strong-field dynamics of GR.

Finally, as found in [16] for the case of single systems
with M ⇠ 106 M�, eLISA will be able to perform tests
of the no-hair theorem at a comparable level of accuracy
as ET with M ⇠ 103 M�. Since the detection rate for
such sources with eLISA may be in the order of tens
per year [60] (i.e. what we assumed for ET in this pa-

per), results from TIGER, including the combining of in-
formation from multiple sources, should also be similar.
Detailed investigations are left for future work.
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FIG. 1: Quasi-normal mode amplitudes of binaries with aligned spins and mass ratio q = 2 (or � = 2/9, left panel) and q = 4
(or � = 4/25, right panel). The values from the non-spinning binary simulations are at ⇥+ = 0. Also shown in the left panel,
with asterisks, are the results from the q = 2 equal initial ⇥i precessing simulations. Note that for the 22 mode, the absolute
amplitudes are always shown, scaled according to the final black hole mass, that is (r/M)h22.

was the same as that for the corresponding non-spinning
binary for (q, ⇥fin) = (2, 0.62), (3, 0.54), and (4, 0.47),
using the final-spin fits in [3, 9] and (3) four q = 2 pre-
cessing binaries having equal initial spins with (x, y, z)
components equal to (0.2, 0, 0), (0, 0.4, 0), (0.6, 0, 0) and
(0.2, 0.2, 0.1), where the orbital plane lies on xy. There
were a total of 40 configurations, not including addi-
tional tests to verify that the results were robust against
changes in the number of inspiral orbits.

All simulations were performed with the BAM
code [10]. As is standard, the error bars in the ampli-
tudes were estimated by varying the numerical resolu-
tion and GW extraction radius. The highest resolution
near the black holes was ⌅ m/35, where m is the mass of
the smallest black hole, and the GW signal was typically
calculated at 140Min from the source. The ringdown
amplitudes A�m were computed by fitting an exponen-
tial decay function to the data from t = 10M after the
peak of the (2, 2) luminosity, until the point where the
signal was dominated by numerical noise. A22 and A21

are typically accurate to within 2%, and A33 and A32

to within 10%. The weaker modes are too noisy to be
measured accurately, and are shown only for qualitative
comparison.

Figure 1 shows the results for the first set of simula-
tions, of equal-spin binaries. The amplitudes of the seven
strongest modes (A�m = A��m for non-precessing bina-
ries) are plotted as a function of a total spin parameter
⇥+ = (m1 ⇥1 +m2 ⇥2)/Min, where Min = m1 +m2 and
⇥+ = ⇥i for these cases. This is the same spin parameter
that has been used in recent phenomenological models of
binary waveforms [11, 12]. The amplitudes are all rel-
ative to the 22 mode, for which we show the absolute
amplitude.

We see immediately that A22 and A33 change with

mass ratio, but vary only weakly with respect to spin. In
contrast, A21 varies strongly with spin. Figure 1, there-
fore, suggests that the 22 and 33 modes carry information
about the progenitor mass ratio, and the 21 mode carries
information about the e�ective total spin.
The second series of simulations tests this hypothesis.

For each mass ratio, this set generates approximately the
same final black-hole with di�erent progenitor spin con-
figurations. The goal was to show that the mode ampli-
tudes carried a signature of the progenitor spins indepen-
dently of the final black hole spin. The mode amplitudes
for the q = 2 case are shown in the left panel of Fig.
2, as a function of ⇥+. As before, 22 and 33 show little
variation, but the 21 mode changes by nearly a factor of
five. This is strong evidence that the final black holes in
this set are not really degenerate: although their mode
frequencies and damping times will be identical, they will
di�er from one another in the 21 mode amplitude. This
is consistent with studies of black-hole recoil: the recoil
is mostly due to the interplay of the (2,±2) and (2,±1)
modes [13], and both the recoil and (2,±1) mode ampli-
tudes depend strongly on the progenitor spins.
Unfortunately, the trend of 21 is now the opposite of

that in Fig. 1 with respect to ⇥+, implying that the 21
mode amplitude is not determined by ⇥+. Consider in-
stead the e�ective spin parameter

⇥e� =
1

2
(
⇧
1� 4 � ⇥1 + ⇥�), ⇥� =

m1 ⇥1 �m2 ⇥2

Min
,

The right panel of Fig. 2 shows the amplitude of 21 as
a function of ⇥e� for all the simulations discussed so far.
In all cases they are well approximated by

Â21 ⇤ A21/A22 = 0.43
�⇧

1� 4 � � ⇥e�

⇥
, (1)

which is shown by dashed lines in Fig. 2 for di�erent val-
ues of q. The above equation is consistent with the expec-
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-0.15 -0.1 -0.05 0 0.05 0.1 0.15
χ

+

0.00

0.05

0.10

0.15

0.20

0.25

R
el

at
iv

e 
am

p
li

tu
d
es

abs 22
21/22 
33/22
32/22
31/22
44/22
55/22

Initial spins such that χ ~ 0.62, mass ratio q=2

27

Kamaretsos+ 2012



-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8
χ

+

0.00

0.05

0.10

0.15

0.20

0.25

R
el

at
iv

e 
am

p
li

tu
d

es

abs 22
21/22
33/22
32/22
31/22
44/22
55/22

Equal initial spins χ
1
=χ

2
, mass ratio q=2

28

2 2  A N D  3 3  M O D E  A M P L I T U D E S  A R E  C O N S TA N T  
2 1  M O D E  VA R I E S  W I T H  T O TA L  S P I N  

2

-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8
χ

+

0.00

0.05

0.10

0.15

0.20

0.25

R
el

at
iv

e 
am

p
li

tu
d

es

abs 22
21/22
33/22
32/22
31/22
44/22
55/22

Equal initial spins χ
1
=χ

2
, mass ratio q=2

-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8
χ

+

0.00

0.10

0.20

0.30

0.40

0.50

R
el

at
iv

e 
am

p
li

tu
d
es

abs 22
21/22
33/22
32/22
31/22
44/22
55/22

Equal initial spins χ
1
=χ

2
, mass ratio q=4

FIG. 1: Quasi-normal mode amplitudes of binaries with aligned spins and mass ratio q = 2 (or � = 2/9, left panel) and q = 4
(or � = 4/25, right panel). The values from the non-spinning binary simulations are at ⇥+ = 0. Also shown in the left panel,
with asterisks, are the results from the q = 2 equal initial ⇥i precessing simulations. Note that for the 22 mode, the absolute
amplitudes are always shown, scaled according to the final black hole mass, that is (r/M)h22.

was the same as that for the corresponding non-spinning
binary for (q, ⇥fin) = (2, 0.62), (3, 0.54), and (4, 0.47),
using the final-spin fits in [3, 9] and (3) four q = 2 pre-
cessing binaries having equal initial spins with (x, y, z)
components equal to (0.2, 0, 0), (0, 0.4, 0), (0.6, 0, 0) and
(0.2, 0.2, 0.1), where the orbital plane lies on xy. There
were a total of 40 configurations, not including addi-
tional tests to verify that the results were robust against
changes in the number of inspiral orbits.

All simulations were performed with the BAM
code [10]. As is standard, the error bars in the ampli-
tudes were estimated by varying the numerical resolu-
tion and GW extraction radius. The highest resolution
near the black holes was ⌅ m/35, where m is the mass of
the smallest black hole, and the GW signal was typically
calculated at 140Min from the source. The ringdown
amplitudes A�m were computed by fitting an exponen-
tial decay function to the data from t = 10M after the
peak of the (2, 2) luminosity, until the point where the
signal was dominated by numerical noise. A22 and A21

are typically accurate to within 2%, and A33 and A32

to within 10%. The weaker modes are too noisy to be
measured accurately, and are shown only for qualitative
comparison.

Figure 1 shows the results for the first set of simula-
tions, of equal-spin binaries. The amplitudes of the seven
strongest modes (A�m = A��m for non-precessing bina-
ries) are plotted as a function of a total spin parameter
⇥+ = (m1 ⇥1 +m2 ⇥2)/Min, where Min = m1 +m2 and
⇥+ = ⇥i for these cases. This is the same spin parameter
that has been used in recent phenomenological models of
binary waveforms [11, 12]. The amplitudes are all rel-
ative to the 22 mode, for which we show the absolute
amplitude.

We see immediately that A22 and A33 change with

mass ratio, but vary only weakly with respect to spin. In
contrast, A21 varies strongly with spin. Figure 1, there-
fore, suggests that the 22 and 33 modes carry information
about the progenitor mass ratio, and the 21 mode carries
information about the e�ective total spin.
The second series of simulations tests this hypothesis.

For each mass ratio, this set generates approximately the
same final black-hole with di�erent progenitor spin con-
figurations. The goal was to show that the mode ampli-
tudes carried a signature of the progenitor spins indepen-
dently of the final black hole spin. The mode amplitudes
for the q = 2 case are shown in the left panel of Fig.
2, as a function of ⇥+. As before, 22 and 33 show little
variation, but the 21 mode changes by nearly a factor of
five. This is strong evidence that the final black holes in
this set are not really degenerate: although their mode
frequencies and damping times will be identical, they will
di�er from one another in the 21 mode amplitude. This
is consistent with studies of black-hole recoil: the recoil
is mostly due to the interplay of the (2,±2) and (2,±1)
modes [13], and both the recoil and (2,±1) mode ampli-
tudes depend strongly on the progenitor spins.
Unfortunately, the trend of 21 is now the opposite of

that in Fig. 1 with respect to ⇥+, implying that the 21
mode amplitude is not determined by ⇥+. Consider in-
stead the e�ective spin parameter

⇥e� =
1

2
(
⇧
1� 4 � ⇥1 + ⇥�), ⇥� =

m1 ⇥1 �m2 ⇥2

Min
,

The right panel of Fig. 2 shows the amplitude of 21 as
a function of ⇥e� for all the simulations discussed so far.
In all cases they are well approximated by

Â21 ⇤ A21/A22 = 0.43
�⇧

1� 4 � � ⇥e�

⇥
, (1)

which is shown by dashed lines in Fig. 2 for di�erent val-
ues of q. The above equation is consistent with the expec-
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4.5, and the 32 mode by 72%, when spins vary from !0:8
to þ0:8. Finally, the dominant spin effect in the 21 mode
amplitude is determined by the quantity !!. It is really not
the total spin that determines the amplitude, but the differ-
ence of spins, as in the ringdown phase.

Measurement.—To estimate how well the progenitor
spins and mass ratio can be measured we injected a
ringdown signal in background noise with power spectral
density as expected in the Einstein Telescope, ET-B [18],
and used Bayesian inference with nested sampling [19,20]
to detect and measure its parameters. Our signal consists of
the first three dominant modes, 22, 21, and 33, with the 21
mode amplitude given by Eq. (1) and for the 22 and 33

modes we tookA22 ¼ 0:864", Â33 ¼ 0:44ð1! 4"Þ0:45. The
signal and the template are both characterized by six pa-
rameters, (M, ",!1,!2,D, t0), where t0 is the time of arrival
of the signal at the detector. The angles describing the
location of the source on the sky (#, ’), the inclination $
of the binary and polarization angle c , are all assumed to be
known. The azimuth angle % and the initial phases of the
various modes ’‘m are all also assumed to be zero. These
angles have strong correlations with the distance to the
binary but not the intrinsic parameters. Thus, relaxing the
above assumptions is not likely to have a big impact
in themeasurement of the intrinsic parameters of the source.

The posterior distributions for four of the parameters
from one of our runs are plotted in Fig. 3, which show
that the parameters of the progenitor can be quite accurately
measured by using just the ringdown signal. A more de-
tailed study is needed to fully characterize themeasurement
accuracies over the full parameter space, by incorporating
other parameters such as the sky position of the source and
its inclination, assumed to be known in this work.

Discussion.—In this Letter we have addressed a question
implied in Ref. [2]: Can we measure the mass ratio of a
generic binary from the ringdown signal alone? We have
found two remarkable results. First, we can measure the
mass ratio from the ringdown signal, and second, we may
also be able to measure the individual black-hole spins. In
other words, both the masses and spins of the two compo-
nent black holes could be measured purely from the rapidly
decaying perturbation that they leave on the final merged
black hole.
The first result is demonstrated with a large numerical

study of nonprecessing binaries to show that the ratio of the
amplitudes of the (‘ ¼ 3, jmj ¼ 3) and (‘ ¼ 2, jmj ¼ 2)
ringdown modes carry a clear signature of the mass ratio.
Furthermore, we have evidence from a small set of
precessing-binary configurations that this signature is re-
tained in generic binaries. And finally, we have shown that
this signature could be accurately measured in observa-
tions with the ET.
The second result is restricted to nonprecessing binaries.

We found that the ratio of the (‘ ¼ 2, jmj ¼ 1) and (‘ ¼ 2,
jmj ¼ 2) mode amplitudes depends on a certain difference
between the individual black-hole spins. We produced a
model of this spin dependence in terms of an effective spin
parameter !eff , which is accurate across a wide sampling of
the nonprecessing-binary parameter space. In a parameter-
estimation exercise, where this model is injected into
simulated ET noise, measurements of the final mass and
spin, and of !eff , can be used in conjunction with a final-
spin fit [3,9] to determine the individual black-hole spins.
Many questions remain open for future research. What is

the physical origin of the observed ringdown spectrum?
How do we fully model the ringdown signal from generic
binaries? And, of most significance, what additional astro-
physics will these results allow us to learn in third genera-
tion GW detectors, and how precisely will we be able to
test general relativity?
We thank S. Husa, T. Dent, and J. Creighton for discus-

sions. Simulations were performed on ARCCA Cardiff,
VSC Vienna, LRZ Munich, MareNostrum at BSC-CNS
and the PRACE clusters Hermit and Curie. This work
was supported by STFC UK Grants Nos ST/H008438/1
and ST/I001085/1.
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One of the consequences of the black-hole “no-hair” theorem in general relativity (GR) is that gravitational
radiation (quasi-normal modes) from a perturbed Kerr black hole is uniquely determined by its mass and spin.
Thus, the spectrum of quasi-normal mode frequencies have to be all consistent with the same value of the mass
and spin. Similarly, the gravitational radiation from a coalescing binary black hole system is uniquely determined
by a small number of parameters (masses and spins of the black holes and orbital parameters). Thus, consistency
between di↵erent spherical harmonic modes of the radiation is a powerful test that the observed system is a
binary black hole predicted by GR. We formulate such a test, develop a Bayesian implementation, demonstrate
its performance on simulated data and investigate the possibility of performing such a test using previous and
upcoming gravitational wave observations.

Introduction:— One of the remarkable predictions of gen-
eral relativity (GR) is that a stationary black hole can be fully
described by a small number of parameters — its mass, spin an-
gular momentum and electric charge [1–3]. As a consequence
of this “no-hair” theorem, frequencies of the gravitational ra-
diation (quasi-normal modes [4–6]) from a perturbed black
hole is fully determined by these parameters. Astrophysical
black holes are not expected to possess significant electric
charge; hence, di↵erent quasi-normal modes have to be con-
sistent with the same value of the mass and spin. Thus, the
consistency between multiple quasi-normal modes provides
a test of the “no-hair” theorem for stationary, isolated black
holes [7]. Similarly, the dynamics and gravitational radiation
from a binary black hole system are uniquely determined by
a small number of parameters (masses and spins of the black
holes and orbital parameters), and hence di↵erent spherical
harmonic modes of the radiation have to be consistent with
the same values of this small set of parameters. Thus, the
consistency between di↵erent modes of the observed signal is
a powerful test that the radiation emanated from a binary black
hole. Inconsistency between di↵erent modes would point to
either a departure from GR, or the non-black hole nature of
the compact objects.

Coalescence of binaries composed of chargeless black holes
would produce a perturbed Kerr black hole as the remnant,
and the late time gravitational-wave (GW) signal is described
by a spectrum of quasi-normal modes (see, e.g. [8]). While
the relatively simple structure of quasi-normal modes has
been known from black-hole perturbation theory for a long
time (see, e.g., [9] for a review), the radiation from the full co-
alescence (inspiral, merger and ringdown) have a much more
complex structure. Fortunately, recent numerical-relativity
simulations, together with high-order analytical calculations,
have produced semi-analytical waveforms describing the many
of the subdominant multipoles of the radiation that are relevant
for observations [10–12]. The availability of such waveforms
allows a powerful test of GR based on the consistency of
di↵erent modes of the radiation.

Testing the consistency between di↵erent multipoles of the
gravitational radiation:– In practice it is very di�cult to
extract di↵erent multipoles of the radiation from the GW ob-

servation of a single binary black hole system — all we mea-
sure is a particular linear combination of the modes. Thus,
our strategy, developed below, is to introduce extra parameters
that describe inconsistency between di↵erent modes and to
constrain them using a Bayesian framework. This is similar in
spirit to the tests of the “no-hair” theorem using quasi-normal
modes, developed in Refs. [13, 14].

The two polarizations h+(t) and h⇥(t) of gravitational radi-
ation in GR can be written as a complex time series h(t) :=
h+(t) � i h⇥(t), which can be expanded in a basis of spin �2
weighted spherical harmonics [15] as:

h(t; n,�) =
1
dL

1X

`=2

X̀

m=�`
Y�2
`m (n) h`m(t;�), (0.1)

where Y�2
`m are the basis functions of spin �2 spherical har-

monics, n := {◆,'0} define the direction of radiation in the
source frame, dL is the luminosity distance to the binary, and
hlm(t;�) are the spherical harmonic modes of the waveform,
which are completely described by the intrinsic parameters
� of the system. We assume that the black holes are non-
spinning and the binary to be quasi-circular. Hence � con-
sists of only the masses m1 and m2 of the black holes (it
is more convenient to describe the system in terms of the
chirp mass Mc := (m1m2)3/5/(m1 + m2)1/5 and mass ratio
q = m2/m1  1). In GR, the gravitational radiation is dom-
inated by the quadrupole modes (` = 2,m = ±2); however
non-quadrupole modes can make an appreciable contribution
if the black holes have significantly unequal masses. The set
of intrinsic parameters � := {Mc, q} completely determines
the multipolar structure (i.e., spherical harmonic modes) of
the waveform hlm(t).

In order to formulate a consistency test between di↵erent
multipoles, we rewrite Eq. (0.1) by splitting the contributions
from the dominant (` = 2,m = ±2) mode of gravitational
radiation, and the sub-dominant (higher order) modes

h(t; n,�,��) =
X

m=±2

Y�2
2m(n)h2m(t,�)

+
X

H.O.M

Y�2
`m (n)h`m(t,� + ��) (0.2)
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Introduction:— One of the remarkable predictions of gen-
eral relativity (GR) is that a stationary black hole can be fully
described by a small number of parameters — its mass, spin an-
gular momentum and electric charge [1–3]. As a consequence
of this “no-hair” theorem, frequencies of the gravitational ra-
diation (quasi-normal modes [4–6]) from a perturbed black
hole is fully determined by these parameters. Astrophysical
black holes are not expected to possess significant electric
charge; hence, di↵erent quasi-normal modes have to be con-
sistent with the same value of the mass and spin. Thus, the
consistency between multiple quasi-normal modes provides
a test of the “no-hair” theorem for stationary, isolated black
holes [7]. Similarly, the dynamics and gravitational radiation
from a binary black hole system are uniquely determined by
a small number of parameters (masses and spins of the black
holes and orbital parameters), and hence di↵erent spherical
harmonic modes of the radiation have to be consistent with
the same values of this small set of parameters. Thus, the
consistency between di↵erent modes of the observed signal is
a powerful test that the radiation emanated from a binary black
hole. Inconsistency between di↵erent modes would point to
either a departure from GR, or the non-black hole nature of
the compact objects.

Coalescence of binaries composed of chargeless black holes
would produce a perturbed Kerr black hole as the remnant,
and the late time gravitational-wave (GW) signal is described
by a spectrum of quasi-normal modes (see, e.g. [8]). While
the relatively simple structure of quasi-normal modes has
been known from black-hole perturbation theory for a long
time (see, e.g., [9] for a review), the radiation from the full co-
alescence (inspiral, merger and ringdown) have a much more
complex structure. Fortunately, recent numerical-relativity
simulations, together with high-order analytical calculations,
have produced semi-analytical waveforms describing the many
of the subdominant multipoles of the radiation that are relevant
for observations [10–12]. The availability of such waveforms
allows a powerful test of GR based on the consistency of
di↵erent modes of the radiation.

Testing the consistency between di↵erent multipoles of the
gravitational radiation:– In practice it is very di�cult to
extract di↵erent multipoles of the radiation from the GW ob-

servation of a single binary black hole system — all we mea-
sure is a particular linear combination of the modes. Thus,
our strategy, developed below, is to introduce extra parameters
that describe inconsistency between di↵erent modes and to
constrain them using a Bayesian framework. This is similar in
spirit to the tests of the “no-hair” theorem using quasi-normal
modes, developed in Refs. [13, 14].

The two polarizations h+(t) and h⇥(t) of gravitational radi-
ation in GR can be written as a complex time series h(t) :=
h+(t) � i h⇥(t), which can be expanded in a basis of spin �2
weighted spherical harmonics [15] as:

h(t; n,�) =
1
dL

1X

`=2

X̀

m=�`
Y�2
`m (n) h`m(t;�), (0.1)

where Y�2
`m are the basis functions of spin �2 spherical har-

monics, n := {◆,'0} define the direction of radiation in the
source frame, dL is the luminosity distance to the binary, and
hlm(t;�) are the spherical harmonic modes of the waveform,
which are completely described by the intrinsic parameters
� of the system. We assume that the black holes are non-
spinning and the binary to be quasi-circular. Hence � con-
sists of only the masses m1 and m2 of the black holes (it
is more convenient to describe the system in terms of the
chirp mass Mc := (m1m2)3/5/(m1 + m2)1/5 and mass ratio
q = m2/m1  1). In GR, the gravitational radiation is dom-
inated by the quadrupole modes (` = 2,m = ±2); however
non-quadrupole modes can make an appreciable contribution
if the black holes have significantly unequal masses. The set
of intrinsic parameters � := {Mc, q} completely determines
the multipolar structure (i.e., spherical harmonic modes) of
the waveform hlm(t).

In order to formulate a consistency test between di↵erent
multipoles, we rewrite Eq. (0.1) by splitting the contributions
from the dominant (` = 2,m = ±2) mode of gravitational
radiation, and the sub-dominant (higher order) modes

h(t; n,�,��) =
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+
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FIG. 1: In the middle panel, the thick (thin) contours show the 50%
(90%) credible regions in the joint posteriors of two parameters
�Mc and �q that describe discrepancies in the estimated parameters
using the quadrupole and non-quadrupole modes, estimated from a
simulated GR signal. Black histograms on the side panels show the
marginalized posteriors in �Mc and �q, while the cyan histograms
show the 1-dimensional posteriors in �Mc and �q estimated from the
data by introducing only one variation (say, �Mc) at a time, keeping
the other fixed (say, �q = 0). It can be seen that the posteriors are
fully consistent with the GR prediction of �Mc = �q = 0 (shown by
a “+” sign in the center panel and by thin black lines in side panels).
In the side panels, the dotted lines mark the 90% credible regions.
The simulated GR signal corresponds to a binary with total mass
M = 80M� and mass ratio q = 1/9 and an inclination angle ◆ = 60�
observed by a single Advanced LIGO detector with an optimal SNR
of 25.

where the sum in the second term on the RHS is just over the
higher-order modes (H.O.M). Note that we allow a possibility
of inconsistency between the dominant mode and higher order
modes by introducing a deviation �� := {�Mc,�q} in the set
of intrinsic parameters that describe the higher order modes;
in GR, �� = 0.

An interferometric GW detector observes a linear combina-
tion of the two polarizations h+(t) and h⇥(t), given by

h(t) = F+(✓, �, ) h+(t � t0) + F⇥(✓, �, ) h⇥(t � t0), (0.3)

where F+ and F⇥ are the antenna pattern functions of the GW
detector, t0 is the time of arrival of the signal at the detector,
and (✓, �), define the sky position and polarisation angle
of the GW source, respectively. For coalescing binary black
hole (BBH) systems in quasi-circular orbits, the observed
signal h(t) is described by a set of intrinsic parameters � =
{Mc, q} and extrinsic parameters ✓ := {t0, ◆,'0, dL, ✓, �, } in
GR. In addition to the parameters that describe signals in
GR, we introduce a set of parameters �� describing di↵erence
between the intrinsic parameters used to generate the dominant
and subdominant modes. The combined set of parameters is
denoted as ⇠ = {�,✓,��}.

The data d(t) = n(t) + h(t) contains the observed signal h(t)
given in Eq. (0.3) along with noise n(t), which is modeled
as a stationary Gaussian random process. Given data d and
assuming a particular model of the waveform given in (0.2) as
our hypothesis H, we can compute the posterior distribution
of the set of parameters ⇠ making use of the Bayes theorem,
which states:

P(⇠ | d,H) =
P(⇠ |H) P(d | ⇠,H)

P(d |H)
. (0.4)

The posterior probability density P(⇠ | d,H) that the data con-
tains a signal with parameters ⇠ is determined by the prior
probability distribution P(⇠ |H) and the likelihood P(d | ⇠,H)
that the data contains a signal described by parameters ⇠;
P(d |H) is a normalization constant, called the evidence. For
stationary Gaussian noise with power spectral density S n( f ),
the likelihood can be written as:

P(d | ⇠,H) = exp
h
� 1

2

Z fhigh

flow

|d̃( f ) � h̃( f ; ⇠,H)|2
S n( f )

d f
i

(0.5)

where flow and fhigh define the sensitivity bandwidth of the
detector, while d̃( f ) and h̃( f ) are the Fourier transforms of d(t)
and h(t), respectively.

Using the above definition for the likelihood function, one
proceeds to estimate ⇠ by stochastically sampling over the
entire parameter space of interest. In this work, we use the
emcee [16] package, a Python implementation of the a�ne-
invariant ensemble sampler for Markov chain Monte Carlo
(MCMC) proposed by [17]. This code can be easily par-
allelized to use multiple computing cores, giving it a ma-
jor advantage over traditional MCMC algorithms 1. From
the posterior distribution P(⇠ | d,H) of the full parameter set,
we construct the posterior distribution P(�� | d,H) of the set
of parameters describing deviation from GR prediction, by
marginalizing the posterior over all other parameters {�,✓}. If
the data is consistent with GR, we expect P(�� | d,H) to be
consistent with zero.

Simulations using GR waveforms:— We now demonstrate
the power of the proposed test by making use of simulated
GW observations from binary black holes, where the wave-
forms are modeled after the GR prediction. We employ the
recent inspiral-merger-ringdown waveform model proposed
by Mehta et al [12], which provide accurate Fourier-domain
models of the following spherical harmonic modes h`m( f )
of the expected GW signals from non-spinning binary black
holes: (` = 2,m = ±2), (` = 2,m = ±1), (` = 3,m = ±3),
(` = 4,m = ±4). (The other spherical harmonic modes that are
neglected only introduce an inaccuracy (mismatch) of less than
1% in the waveforms [12]). GW observations are simulated
by combining these signals with stationary Gaussian noise
with power spectral density anticipated in Advanced LIGO’s
“high-power, zero-detuning” configuration [20], making use

1 We have compared the posterior distributions obtained from our emcee
based code with that from the Nested-Sampling based LALInferenceNest
code [18] that is part of the LIGO Algorithm Library (LAL) software
suite [19]. Posteriors obtained from simulated GR waveforms containing
only the dominant (` = 2,m = ±2) modes observed by a single detector are
in good agreement.
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of Eqs. (0.1) and (0.3). We consider binaries with total mass
M := m1 + m2 in the range 40M� – 200 M� with mass ratio
q := m2/m1 in the range 1/9 – 1, with varying inclination
angles ◆ (angle between the orbital angular momentum of the
binary and the line of sight).

We perform the test by introducing variations in the higher
order modes: The higher-order modes h`m( f ;� + ��) are
generated by introducing an extra parameter �� while the
quadrupole-modes h2±2( f ;�) are generated by using the stan-
dard set of parameters � in GR. We have experimented with
di↵erent choices for the deviation parameter ��:

1. By introducing one deviation parameter at a time. That
is, �� = �Mc or �� = �q.

2. By introducing a concurrent deviation in two parameters
�� = {�Mc,�q}.

We show in Fig. 1 the results of the tests performed by varying
either one parameter or two parameters, for a binary with
total mass M = 80M�, mass ratio q = 1/9, inclination angle
◆ = 60� producing a signal-to-noise ratio (SNR) of 25 (SNR in
higher modes is ⇠ 10). We see that the posterior probability
density for the parameters �q and �Mc are consistent with
zero as in GR. As expected, the width of the posterior is
smaller when only one non-GR parameter is allowed to vary
at a time. Figures 2 and 3 show the 90% credible regions of
the posteriors of non-GR parameters for the case of binaries
with di↵erent masses, mass ratios and inclination angles. In all
cases, the SNR is set to 25. It is clear that binaries with large
mass ratios (q < 1/2) and inclination angles (◆ > 60�) will
allow precision tests of the GR predictions, reaching statistical
uncertainties of < 10�2 for �Mc/Mc and �q.

FIG. 2: The figure shows the width of the 90% credible region of
�Mc and �q for binaries with di↵erent mass ratios q (horizontal axis)
and inclination angles ◆ (legends). All binaries have a total mass
40M�. Best constraints are provided by binaries with high mass
ratios and/or large inclination angles.

FIG. 3: Same as Fig. 2, except that the horizontal axis reports the
total mass M. All binaries correspond to a mass ratio q = 1/9.
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FIG. 4: Projected cumulative distribution of the mass ratio q (left)
and inclination angle ◆ (right) of simulated binary black holes that
are detectable by Advanced LIGO, based on our assumed component
mass distribution. The two distributions in the left plot corresponds
to two assumed distributions of the component masses (see text).

Astrophysical prospects:— Recent observations of GW
signals from merging binaries of black holes [21–26] and neu-
tron stars [27] by LIGO and Virgo have enabled the first tests
of GR in the highly relativistic regime [23–26, 28]. However,
the test proposed in this paper requires the observation of GW
signals where the subdominant modes can be observed with
appreciable SNR. These modes are excited predominantly for
binaries with large mass ratios. Also, due to the radiation
pattern, radiation from binaries with highly inclined orbits will
contain appreciable contribution from subdominant modes.
Hence binaries with large mass ratios (q . 1/2) and inclined
orientations (◆ & 60�) are particularly suitable sources for per-
forming the test described in this paper. Consequently, we do
not expect the test to be e↵ective for GW signals observed by
LIGO and Virgo during their first two observational runs, for
which mass ratios are less than 2 and inclinations are close to
being face-on/face-o↵ [23–26]. The detection rate of binaries

• test is effective only when the mass ratio is small (say < 1/2) and 
inclination is large (say > 60 degrees) 

• only a few percent of all detected sources are suitable

Dhanpal+ 2018
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